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Fourier’s Constants of Functions of Several Variables. 


By Dr. W. W. Kustexmann. 


In Vol. LVII of the Mathematische Annalen, A. Hurwitz has shown how 
to express the product of two ordinary Fourier’s series in form of another 
Fourier’s series, or, stated differently, how to compute Fourier’s constants of 
the product of two functions from those of the functions themselves. In the 
following pages we solve the corresponding problem for multiple Fourier’s 
series. In order to simplify matters the work is carried through for double 
Fourier’s series only, but results and proofs admit of immediate and obvious 
generalization to »-tuple series. 

The solution of our problem depends vitally upon a proof of the relation* 


98 


where (a, b,c, d),, are Fourier’s constants of f(z, y) and have the values 


a cos ua cos7B 
sin ua cos vB 
ak. S f(a 8) cosua sinvB (2) 


sin wa 


The analogue of this relation for functions of a single variable is due to 
Parseval and was proved by him on the supposition that the function in ques- 
tion is really represented by its Fourier’s development and that this series is 
integrable term by term. In 1893 de la Vallée-Poussint+ gave a proof requiring 
merely that the function and its square be integrable. Hurwitz, in 1903, again 
called attention to the wide scope of the theorem, gave a new proof, and applied 


*In the following (a*+-b?+c?+4d’) yy stands for (a? +0yy+cnv+d*yv) and so on. H(z) denotes 
1 1 
the largest positive integer contained in z. Hereafter we will write Ayy in place of 28 (a3) +8(5, ; 


4 when 

then 2 “ yw=0, or 

{ De la Vallée-Poussin, Ann. de la Soc. Scient. de Bruwelles, Vol. XVII, p. 18. 
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it to the problem mentioned. More recently proofs of varying generality have 
been added by Fischer, Stekloff, Fatou,* and the formula has gained consider- 
ably in interest through the researches of Riess and Fischer (Riess-Fischer 
Theorem) 

The first three paragraphs of our paper are devoted to proving relation (1) 
by a method which like those of dela Vallée-Poussin, Fischer and Fatou involves 
the use of Poisson’s integral. (For a brief survey see $3.) We, too, make no 
assumption regarding the convergence of the Fourier’s series of f(x, y). 

All we demand of f(z, y) is that it be bounded and possess a Riemann 
double integral over the fundamental square.t For convenience of language 
we will suppose f(x, y) periodic 2, so that 

f(wt2nk, yt2nl)=f(2, y) for { 
These conditions insure the existence of Fourier’s constants (a, b,c, d),,, but 
do not in any way prejudice the question of convergence§ of the formal 


Fourier’s development for f(x, y) which we can write: 


f(%,y)~ > 1/Ayy[ cos ux+0,, Sin ux) COS 
v=0 
+ (Cy, COS ux+d,, SIN ux) Sin vy]. (3) 


How relation (1) can be utilized to solve the problem originally proposed 
is shown in § 4. 
§ 1. Preliminary Theorems. 
TuroreM I. If is bounded and integrable || in the fundamental 
square and can be represented by a trigonometric double series which is uni- 


formly convergent in this closed region, then the trigonometric series is a 
Fourier’s series (that is its coefficients are given by formulas of type (2) ). 


The proof is so closely analogous to the proof of the corresponding 
theorem for ordinary Fourier’s series that we will not reproduce it here. 


* Fischer, Monatshefte, Vol. XV, p. 69; Stekloff, Mem. de l’Ac. de St. Petersbourg, Vol. XV, Ser. 8; 
Fatou, Acta Math., Vol. XXX. 

+ Riess, “Uber orthogonale Funktionensysteme,” Gétt. Nachr., 1907; Fischer, Compt. Rend., 1907; 
also Young, Quart. Journ., Vol. XLIV; where this relation is shown to represent the necessary and 
sufficient condition that a given trigonometric series be the Fourier’s series of a function whose square 
is integrable. 

¢ By the “fundamental square” we mean the square (—z,—z; 7, 7) whose lower left-hand and 
upper right-hand vertices are (—z, —m) and (zm, m), respectively. 

§ In the Stolz-Pringsheim sense. Cf. Miinchner Sitzungsber., Vol. XXVII, p. 101. 

|| All integrals in this paper are to be taken in the Riemann sense. 
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TueoreM II. If f(x,y) and $(x, y) are both bounded and integrable in 
the fundamental square, if furthermore (a, y) can be developed into a double 
Fourier’s series, uniformly convergent in this region, then 


where (a,b,c, d),,, (a, are the Fourier’s constants of f and 9, 
respectively. 

To prove this theorem multiply the Fourier’s expansion of $(2,y) by 
f(x,y) and integrate term by term over the fundamental square.+ If, in 
particular, we let @(z, y) =f(%, y), equation (4) goes over into (1). The 
latter relation therefore holds in the special case, where f(z, y) can be 
developed into a uniformly convergent Fourier’s series. To prove it for any 
integrable f(z, y) we need further preparations. 


Lemma: The double series 


0 


where (a, b,c, d),, are the Fourier’s constants of a bounded integrable function 
f(x, y), ts absolutely convergent and can be summed by rows, columns or 
diagonals. 


Proor: Define (a, y) by the identity 
1m 
y) =f (2, y) + 5 (Gy COS UX+ SiN UX) 
+5 (do, COS VY + Co, Sin vy) 


[ (dy » COS cosv’y 


+ (Cy » Cos dy» Sin sin 


* Cf. note * p. 113. 
+ The reduction is effected by means of the well-known formulas: 


T 
sin sin 0, if 
de= 
cos cos if k=A0. 


f sin - xe da=0, if 


T 


i. 
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Squaring both sides of this equation 

y) (x,y) (Auf Y) COS UL + Dy f (2, y) Sin ua) 


(doy f(@, y) COS vy+ Cy, f y) Sin vy) 


+23 [dy » y) cosu’x cosr’y+b,,, f(x, y) sinu’ cosr’y 
+ Cy» y) cosu’x sin f(x, y) sinw’s sin (6) 
+ + (Gio COS” ux + sin? ux) + (ai cos’ sin’ vy) 
+ [ai » Cos’ u’ x cos’ y+ sin® u’ cos? 
y Cos’ x sin’ sin? sin’ dv Sy’ dr’. J 


Here Su Xv Xu’ Xv’ contains those product terms (except for constant coeffi- 


) cos cos cos cos 
t hich are of one of the sixteen types uv: vy:.. 
cients) which a yP sin “”* sin sin sin” 


where some of the numbers u, », u’, »’ may be zero, but in no term of which the 
equalities u=y’, v=’ coexist. If we now integrate equation (6) over the funda- 
mental square the terms resulting from Su Sv Su’ Sv’ vanish* and we have 


+3 
+ { 55 (a? +0") + oy 


p=1 
or 


The integral on the left-hand side can clearly not be negative, hence, setting 


L=mM, v=n 


0 


v=n 


> (a? +b? + 
we can write 


ff (f(a, y) Pandy, 


* Cf. note p. 115. 
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no matter what positive integral values m and m may have. Since, moreover, 
all the terms of (5) are positive, it follows from a well-known theorem* that 
this series converges absolutely and hence can be summed in the various ways 
mentioned. 


Corotuary: T'he Fourier’s constants of a bounded and integrable function 
of two variables approach zero when either one or both subscripts become 
infinite.t 


§ 2. Discussion of Potsson’s Double Integral. 


If in the double Fourier’s series (3) we introduce the convergence factors 
r’t”, where 0<r<1, we obtain a new double series 


u,(@%,y)= [ CoS ux+b,, Sin ux) cos ry 
v= 


+ (¢,, cos ux+d,, sin ux) sin vy] (7) 


which is uniformly (and absolutely) convergent for all values of (z,y) and 
hence defines a function u,(z, y) which is finite, continuous, and integrable in 
the fundamental square. If we replace (a,b,c, d),, by their values from (2), 
interchange summation and integration signs, and effect the summation by 
means of the formula 


1 1 1—r 1 


we obtain 


goa 8) P.(B—y) dadg, 
which by the transformation a—ax=—£, B—y=y goes over into 
1 


where 


F (a, y, &,n)=f (a+&, yt+n)+f(a+k, y—n) +f (x—& ytn) +f y—n). (9) 


* Cf. Pringsheim, loc. cit., §2, V and §3. 
+ This property of double Fourier’s constants was proved from the integrals defining them by 


W. H. Young, Lond. Math. Soc, Proc., Ser. 2, Vol. XI, p. 133. 


| 
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We wish to prove 


TuHeorEM III. If f(x,y) ts bounded and integrable in the fundamental 
square, then 
at every point of continuity of f(x, y). 
Since 
P,(o) dp = 2 arctan (= tan 5) <a 
0 1—r 
and 
f P,(o) dg = a for every positive r<1, 
0 
we may write 
u, (2, y) y) 


[F —4f (2, 9) IP,(E) (n) dé dn 
| 


We shall see that the sum of these three integrals can be made as small as we 
please by choosing r close enough to unity. 


IS (ay, & 2) —4 | | | de 


Now 
1—-r* > 1—r’ l—r 


1+r?—2rcos@= (1+7)’ 1+r 
for 0<r<1; hence, |P,(@)|=P,(@); furthermore, 


>0 


for 0<r<l1 and therefore, 


P,(o) < (1—7’) Ar sin’ 5. 
If (x,y) is a point of continuity for f(x,y), then a can be chosen so small 


0<E<a 


that the upper — of | in the domain 


is less than = . Thus, 


\I,|<e, for any 0<r<l. (11) 


— 
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Denoting now by M the upper bound of | f(z, y)| in the fundamental square, 
we get 


<4xM(1—?’)/r sin’, (12) 


a having been fixed so as to insure (11) we may choose R<1 so close to unity 
that the right-hand side of (12) is less than ¢, for R<r<1; hence, 


It follows from (10) that lim u,(a, y) =f (a, y). 
r=1—0 
Corotuary: If the bounded function f(x,y) is integrable (according to 
Riemann’s definition) in the fundamental square and u,(x,y) is defined by 
series (7), then 


Proor: Since f(z, y) is integrable in the sense of Riemann its points 
of discontinuity form a set of measure zero.* Consequently, [u, (x, y) ]’ 
approaches [f(x,y)]* “almost everywhere.”+ Moreover, u,(z,y) is easily 
shown to be bounded in the aggregate for which O<r<1.{ Hence, we can 
apply a theorem of Lebesgue{$ which states that if a sequence of integrable 
functions, bounded in absolute value, converges almost everywhere to a limiting 
function which is integrable, then the limit of the corresponding sequence of 
integrals is equal to the integral of the limiting function. It follows that (13) 
is true if the integrals involved are interpreted as Lebesgue integrals; but 
since, in view of our liypothesis, all these integrals have a meaning also 
according to Riemann’s definition, and since the two kinds of integrals are 
identical, whenever they both exist, our corollary is proved for Riemann 


integrals. || 


* Cf. Hobson, “Theory of Functions of a Real Variable,” § 311, p. 419. 
¢ J. e., except at a set of measure zero. 


T 
ae P,(n) dy <M for 0<r<l. 


= 47 


§ Lebesgue, Ann. de VBcole Normale, Ser. 3, Vol. XXVII (1910), p. 375. 
|| This method is no longer applicable when f(x,y) is only known to be integrable in Lebesgue’s 
sense, for then the points of discontinuity may form a set of measure greater than zero. 


i 

{ 
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§3. Proof of the Generalized Parseval’s Formula. 


We are now in a position to prove relation (1). Since the trigonometric 


double series 


u,(%,y) = [ CoS ux-+b,, Sin ux) Cos ry 
v=0 


+ cos ux+d,, 8in ux) sin vy] (7) 


is uniformly convergent we see from Theorem I, $1, that it is the Fourier’s 
development of u,(z,y) and that the Fourier’s constants of u,(z,y) are 
r**’(a,b,c,d),,. Hence, Theorem II is applicable and we have 


1 


9 


Now by the corollary of § 2, 


=lim (15) 

r=1—0 v=0 
The latter series of positive terms converges uniformly in r for the values 
0<r<l, since it is term by term less than or equal to the series of positive 
constant terms (5) known to be convergent by the lemma of § 1. Hence, 
we may proceed to the limit r=1—0 in each term of (15) separately which 


gives (1). 


§ 4. Fourier’s Constants of the Product f(x, y)- (2%, y). 


It remains to be shown how relation (1) may be used to solve the problem 
originally proposed, to compute the Fourier’s constants (2, 8, ©, D),, of f- 9, 
having given those of f and @, which are (a, b,c,d),, and (a, B, y, in. 
respectively. Since f-@=4[f+9]’—4[f—@]’ and the Fourier’s constants 
of are (ata, cty, d+0),, we obtain from (1) 


v= 


To find Y,,,= f f-~ cos ma cosny dxdy we place for the moment 


= mz cos ny. 
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The Fourier’s constants of y’, namely (A’, B’, C’, D’),,, can be expressed 
in terms of those of @. For instance, 


cosux cosry £. $ cosma cosux cosny cosvydzdy 
Sinilarly, 


, 


But Y/ satisfies all conditions under which (16) was derived; hence, 
= Sify dady= (aA’'+bB' +00’ +dD') 
If we apply the same line of reasoning to 


sin mz cos ny, 


we find 
Bn +00" +dD") Ago, 
v= 
where 
Ay» } (—Bu—m, n—Bu-m, +B, +m, vy—n +Basm, 
x, + (4... —m, v— m, Su+m, 
— —m, v— vin —Y ut+m, v—n 
Similarly, 
@ 
Mh, v= 
with 
By = (— v—n + v+n v—n ’ 
and 


> 5 + 6B" + dD") Ay 


mn 
Ms =0 


16 


| 
4 
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with 


Before using these formulas Fourier’s constants with negative subscripts 
must be transformed into such with positive ones by considering that 


(a, B, 6) x, = (4, B, —6é) Khe 


Equations Involving the Partial Derivatives of a Function 
of a Surface.” 


By CuHarues A. FIscHe|r. 


Introduction. 


In a former papert I have defined the derivative of a function of a 
surface, and proved that if a function L(S) has a derivative L’(S;2, y), which 
is continuous and approached uniformly, the first variation of L(S) can be 
given by the equation 


Conversely, it can be proved that if there is a function L’(S;2, y), continuous 
in all its arguments, which satisfies this equation for every family of surfaces 
in a given neighborhood, then L’(S;2, y) is the derivative of Z(S). In the 
present paper, functions depending not only on a surface, but also on the 
values taken by a function at every point of the surface, are considered. Such 
a function has two partial functional derivatives. 

In the first section these derivatives are defined. In Section 2 the adjoint 
of a functional is discussed, and the conditions that functionals of a certain 
type be self-adjoint are found. In Section 3 are found the conditions that two 
given functionals be the partial derivatives of a function of a surface. The 
fourth section contains the condition of integrability for an equation involving 
these derivatives, and the equation is found which is satisfied by the function 


(+f, +f) dadyde, 
where f{(z, y, 2) is a potential function. In the last section the characteristics 


of such an equation are briefly discussed. Similar work for functions of lines 
has been done by Levy.t 


* Read before the American Mathematical Society, Feb. 26, 1916. 

+ AMERICAN JOURNAL OF MATHEMATICS, Vol. XXXVI (1914), No. 3, p. 289. 

+“Sur lintegration des equations aux derivees fonctionelle partielles,” Rendiconti del Circolo 
Matematico di Palermo, Vol. 37 (1914), p. 113. 
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$1. The Variation of a Function of a Surface. 


The equations of surfaces discussed in this paper will be given in para- 
metric form; and, consequently, the definition of the derivative of a function 
of a surface must be modified slightly. The equations of the surface S will be 


S: y=y(uU,v), 2=2(u, v), 
defined over a region Q in the u, v-plane, and those of the varied surface, 


S.: y=y(u, v)+Yn(u, v), 
e=2(u,v)+Zn(u, v), 


where X, Y and Z are the direction cosines of the normal to S. The function 
n(u, v) is assumed to be of class C, to have a permanent sign, to vanish 
everywhere excepting in the region (uw—e<u<ute; Vo—e<u<vuote), and 
the absolute values of its partial derivatives including those of order r are 
assumed to be less than ¢«. Then the derivative said to be approached with 


order r, will be defined as 


L'(S; u,v) =lim 
e=0 


where 

o= ff n(u, v) H(u, v) dudv, (2) 
Hdudv being the element of area. That is, H=VEG—F’*, where E=327, 
F=a,2, and G= a, the summation sign signifying that the expression is 
symmetrical in xz, y and z. It will always be assumed that H+0. If the 
function w(z, y, a) in my paper already referred to,* is replaced by the new 
function n(u,v,A), equation (9) in that paper can be replaced by the 
equation, 


(8; u, v)n,(u, v, 0) Hdudv. (3) 
In order to make the variation normal to all of the surfaces S,, instead 
of to S, alone, these surfaces can be considered as defined by the partial dif- 


ferential equations 


with the initial conditions x(u, v,0)=a(u, v), y(u,v, 0)=y(u, v), 2(u, v, 0) 
=z(u,v). The existence theorems for partial differential equations prove 
that x(u,v,a), y(u, v, A) and z2(u, v, 2) are determined uniquely, at least if 


* Fischer, loc. cit., p. 291. 


+ 
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n(u,v,A), (u,v), y(u, v) and z(u,v) are analytic, and cases where they 
are not so determined will not be considered here. This change in the equa- 
tions of S, does not affect equation (3). 

A function ®(n, f) will now be considered which depends on the surface 
designated by the argument m, and on all of the values taken by another 
function f(u, v) at points of the surface. Such a function may have two 
partial functional derivatives, 


and 


where o is defined by equation (2), and 


It is assumed, of course, that f—f, has the properties already assumed for Nn. 
If these partial derivatives are continuous in all arguments and approached 
uniformly, the equation 


=ffolPi(n, f; u, u, v) (7) 


which is analogous to equation (3), must be satisfied, if n(u, v, A) and f(u, v, a) 
and all of their partial derivatives considered are continuous everywhere, and 
independent of 4 along the boundary of Q, and if m,(u, v,2) and f,(u, v, a) 
are approached uniformly. It was also assumed to simplify the proof that 
the function which corresponds to n(u, v, A’) —n(u, v, 2) should have a perma- 
nent sign,* but this is not essential. ; 


§2. The Adjoint of a Functional. 


The adjoint of a functional of a line has been defined by Levy,t and it 
was found useful in deriving the condition of integrability for equations in- 
volving functional derivatives. The adjoint of a functional of a surface will 


be defined similarly. 
If there are two functionals L(f) and L(f) such that the equation 


SSog(u, v) L(f)Hdudv=ffaf(u, v)L(g)Hdude (8) 


* Fischer, loc, cit., p. 291. + Levy, loc. cit., p. 115. 


| 
| 
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is satisfied for every pair of functions f and g of class C” which vanish 
together with their partial derivatives along the boundary of Q, then L is said 
to be the adjoint of L, and vice versa. The proof that a functional can not 
have two distinct adjoints is essentially the same as for functionals of lines,* 
and will not be repeated. If a functional has an adjoint it must be linear, 
since if LZ is the adjoint of L the equations 


SSogL +bf2) 
S§glaL (f:) +bL (f,) |Hdudv, 


must be satisfied for every function g(u, v). It follows that 
L(af,+6f,) =aL (fi) +bL (fe), 
which is the condition that Z be linear. Every linear functional can be ex- 
pressed in the form 
lim (U,V, Uz, Ur, &)f (ty, (uy, vy) duydr, .t 


Its adjoint will be 
lim SSoF (wu, V1, v, v,)H V;)du,dr,, 


provided this limit exists and is approached uniformly. However, there are 


linear functionals which have no adjoints. 
A large class of functionals are expressible in the form 
L(f)=JSSfoF (u, v, 1) f(t, 1) A (uy, 
The adjoint is 
L(f) =SfoF 1, f(t, dudr, 
1 i+j=m fH 


i, j=0 


This can be verified by substituting in equation (8), and applying Green’s 
theorem repeatedly. If the function (9) is self-adjoint, the equation 


F'(u, V,-U, =F (uy, u, v) 
will be satisfied, and also the equations obtained by equating the coefficients of 
in the equation 
OA. Af 


it+j=m 1 t+j= 


* Levy, loc. cit., p. 116. 
+ Hadamard, “ Lecons sur le calcul des variations,” p. 303. 
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If m=2 these equations are seen to be 


Ay= Ag , Ay=Ay, 


1 
An=—Ant (2 Ou av /’ 


1 (AnH 


(11) 


If the values of A, and Ay, are substituted in the last of these equations it 
becomes an identity. It follows that if A»), Ay, Ag and Ag are taken arbi- 
trarily, A, and A,, can be determined so that the functional will be self- 
adjoint. It is evident from the equations similar to (11) for higher values of 
m, that m must be even, and that the functions A,, with 1+) odd are determined 
by the others. It will be proved a little later that the functions 4; with i+) 
even can always be taken arbitrarily. The following theorems are easily 
verified.* 

If L(f) and L(f) are adjoint, then h(u, v)L(k(uv)f) is adjoint to 
k(u,v)L(h(u, v)f), where h(u, v) and k(u, v) are arbitrary. It follows that 
if L(f) is self-adjoint, h(u, v)L(h(u, v)f) is also. 

If L(f) and M(f) have the adjoints L(f) and M(f), respectively, then 
L(M(f)) is the adjoint of M(L(f)). Similarly, if ZL(f) is self-adjoint, 
M(L(M(f))) is also. 

From the last statement if L(f)=(u, v)f(u, v), where @(u, v) is arbi- 
trary, and M(f) =0'*'f(u, v) /du‘dv’, then the functional 


2 (Ho (12) 


must be self-adjoint. This may be expressed as 


2 


where A,.;=(—1)'’@. The function 


* Compare with Levy, loc. cit., p. 116. 
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is self-adjoint and can be used instead of @(u, v)f. It follows that 
du'dvi ( Ou 

is also self-adjoint. This is equal to 

2+1 

k=t I=j ’ 
where Ao;.19;,1=(—1)‘t’@, which is arbitrary. A self-adjoint functional of 
the type 


M(L(M(f)))= 


) as) 


(14) 


can then be formed by adding those of types (12) and (13), in which the 
functions A,; with 1+ 7 even are arbitrary, as has been stated previously. 
Since the functions 4; with i+ j odd are determined uniquely by the condition 
that the functional be self-adjoint, every self-adjoint functional of type (14) 
- is expressible as the sum of a finite number of functionals of types (12) 
and (13). 


$3. The Conditions that Given Functionals Be the Derivatives of 
Functions of Surfaces. 


In finding the variation of a functional depending on the surface S, de- 
fined by equations (4), the function H(u, v) must be considered a function of 
4a also. Its derivative will now be calculated. By definition, 

( OE 0G OF ) 
and 
ok 9 4 9 
= 22 =—2Dn,, 


since 
>v,X=0, and >4,X,——D.* 

If 0F/dA and 0G/0A are evaluated in the same way, equation (15) becomes 

oH _ 

oA 


where K,, is the mean curvature of the surface.} 


= (GD+ ED” —2FD')n,=—K,,Hn, , 


*The functions D, D’ and D” are called the fundamental coefficients of the second order. See 
Eisenhart, “ Differential Geometry,” p. 115. 
+ Eisenhart, loc. cit., p. 123. 


i, 
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The condition that a given functional ¥,(S; u,v) be the derivative of 
some function ¥(S) will now be derived by a method given by Volterra.* It 
will be assumed that ®, has a differential. That is to say that there is a linear 
functional Z(n,) such that 0%,/02A=L(n,). A two parameter family of 
surfaces S,, will be determined by a function n(u, v, a, a’) having the 
properties assumed for n(u, v, A). Then a closed curve, 


A=A(s), 


will be chosen bounding a small region in the A, A’-plane. It follows from 
Green’s theorem that 
dn’ 


da 


This is equivalent to the equation 

f,dsffo¥,(S,; u, v) Hdudv (L (m)m—L (my) m) (16) 
If $,(S; u, v) is the derivative of some function ¥(S), the left member of this 
equation is equal to 


which vanishes for every choice of n, and ,,. Consequently, the right- member 
must vanish, and L(n,) is self-adjoint. Conversely, if it is self-adjoint the 
right member will vanish. The value of ¥ can then be taken arbitrarily for 
one surface S,, and for S, 


B(S,) =B(So) + (Sy; u, v)m,Hdudv. 


There are analogous conditions which must be satisfied if two given 
functionals ®,(n, f; u,v) and ®,(n, f; u,v) are to be equal to the partial 
derivatives of some function ®(n, f). These functionals will be assumed to 
have differentials which satisfy the equations 


* Volterra, “ Fonctions de lignes,” p. 45, 


17 


| 
| 
dy 
4 
| 
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Equation (16) must then be replaced by the analogous equation 


fa} (Pan (Ar) ) (Dyn (Ar) ) fy 
| Hdudv. (18) 
The derivatives f,, and /,,, will not in general be equal. Their difference 
will be 
= (fala + fate) By) (19) 
If the equations 
Us u,X+u,Y+u,Z=0, 
are solved for u,, u, and u,, the equations 


are easily derived. Similarly, it can be proved that 


E 


To evaluate 2,,,—%, equations (4) must be differentiated with respect to 2’, 
and subtracted from the same equations with % and 2’ interchanged. This 


gives the 
Ony, n,) 1 Ony, nm) 


If these values are substituted in equation (19) it can be reduced to the form 


If this expression is substituted in equation (18) it becomes 
d 


— > 
AA 


fy) + Kn ® + Oy (Ky) fy — Hdudv. 


4 


Derivatives of a Function of a Surface. 131 


If there is a function ®(n, f) which has the partial derivatives },=®, 
and @;=9, the left member of the last equation, and consequently the right 
member, must vanish for every choice of the functions n,, »,,, f, and fy. The 
necessary and sufficient conditions for this are that the functionals 


®,,(9) + ( (—f,G+},F) = + 


and ®,(g) be self-adjoint, and that ®,,(g)+K,,®,g be the adjoint of ®,,(g). 
The similar conditions for functions of lines are given by Levy.* 


$4. Equations Involving Partial Functional Derivatives. 
The condition of integrability of an equation such as 
D,(n, f; u, v) =W(n, f, D;; ®, u, Vv) (22) 


will now be found.+ If there is an integral ®(n, f) which is equal to an arbi- 
trarily given function ¥(f) when n=0, the equation is said to be completely 
integrable. It will be assumed that the derivative ¥’(f; u, v) is continuous 
and approached uniformly, and that ¥ and W have differentials, implying the 
equations 


_ (28% 
da 


for every choice of the functions n(u, v, A) and f(u, v, A) such that f,, , and 


O0'/0A are of class C” in wu and v. 
If equation (22) is differentiated with respect to A, and values substituted 


from equations (17) and (23), it becomes 


Dan + Pay (Fr) =O (Dyn (Ma) +Q (By (fx) ) (m) +L (fr)- 
It follows that for any function g(u, v), 


Pin(9) =O (Pn (9)) (9), 
and 

(9) =Q(Py(9)) + L(g). 
On the surface defined by n=0, the functional ®,, is equal to ¥, which must 
be self-adjoint. The functional ®,,(g) is the adjoint of ®,,(g)+K,,®,g, and, 


consequently, 
(9) =Py(Q(9)) +L (9g) +K (24) 


* Levy, loc. cit., p. 120. + Compare with Levy, loc. cit., pp. 122-123. 


& 


132 Fiscuer: Equations Involving the Partial 


The other functional which was proved to be self-adjoint in the last section 
is now equal to 


Q(B, (Q(9))) +Q(L(9)) +O(Kn 


The first term is self-adjoint as was proved in §2. A necessary condition 
that equalion (22) be completely integrable is, rey that the functional 


Q(L(9)) +0 (9)+ $2 + 52) (25) 


be self-adjoint. 
To illustrate the theory just developed, the equation will be found which 


must be satisfied by the function 


+f) dadyde, (26) 
where f(z, y, 2) is a solution of the equation 
2 2 2 

(27) 


Oa? T Oy oy? 
The value of f inside the region R is then determined by the values it takes on 
the surface S which bounds R. If S is considered as fixed, while the boundary 
values of f(z, y, 2) are varied, the equation 
d® 
PSS 
will be satisfied. This can be reduced by means of Green’s formula and equa- 


tion (27) to the form 
d® 


25S sfafHdudv. 


It follows that 
D; f; u, v) =2f,(@(u, v); y (u, v), 2(u, v)). (28) 
If the value of f(x, y, 2) is fixed at each point of R, while S is varied, the 
boundary values of f(z, y, 2) will vary according to the law f,=f,n,. In this 
ease it follows from equations (7) and (26) that 

SS (Pi +f, 


and, consequently, 


If f, is replaced by f,u,+f,v,+f,n, and equations (20) and (21) applied, the 
right member of this equation becomes 


+f. 


= 
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Substituting the value of f, from equation (28), 
, 1 
— 107+ + AE). 


This is the desired equation. 
It can easily be proved that the condition of integrability is satisfied. 


The functionals Q, M and L are, evidently, 
Q(9)=—i®9, M(g)=9, 
L(g) = | 32 + $2]. 


If these values are substituted in the expression (25) the terms involving 


<0 and = cancel and the other terms are self-adjoint. 


§5. Characteristics. 


There is a set of functionals which have the same relation to a solution 
of equation (22) that the characteristics have to a solution of a partial differ- 
ential equation. The characteristics of equations involving partial derivatives 
of functions of lines have been discussed by Levy.* There are characteristics 
of various orders, but the most interesting ones are the “caractéristiques de 
premiére espéce,” and these are the only ones which will be considered here. 
After they are defined it will be proved that if an integral contains an element 
of a characteristic, it contains the whole characteristic. An element and an 
integral will be defined first. 

An element is any set of functions n(u,v), f(u,v), B(n,f), B,(n, f; u, v) 
and @;(n, f; u, v) which satisfy equation (22). 

An integral is a function ®(n, f) whose partial derivatives satisfy equa- 
tion (22) for every pair of admissible functions n(u, v) and f(u, v). 

A characteristic is a set of functions g(u,v), B(n), B,(n; u,v) and 
Bi (n; u, v) which satisfy the equations 


__ Gm), 

Sfa(¥L—Q (¥;) Hdudv, (29) 
Q(E(m)) + OK —L(G(m)) (m), (30) 
+ Kp ; (31) 


* Levy, loc. cit., Ch. II. 


| 
| 
| 


| 
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where the function & is used instead of ® in deriving Q, Land M. If P(n, f) 
is an integral the equations 


= (bin Hdudo, (32) 

and 

= (fy) +E (m) + Kg Pin, (34) 


will be satisfied, on account of equations (7), (17), (22), (23) and (24). If 
the value given for g, is substituted for f, in equations (32), (33) and (34), 
they become equivalent to (29), (80) and (81). It follows that if the integral 
@(n, g) and its derivatives are equal to B(n), B,(n; u,v) and u, v), 
respectively, for A=A,, they are equal for all values of A for which the equa- 
tions of the characteristics have unique solutions. 
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Invariants and Covariants of the Cremona Cubic Surface. 


By C. P. Soustey. 


Introduction. 
If a,b,...., f are properly chosen cubic curves on P%, 1. e., on six points 
in a plane, the cubic surface mapped on the plane by these curves may be given 
by the equation +....4f%=0, 


where the variables are subject to the relations 


a+b+....+f=0, 
Ga+bb+....+ff=0. 
This form is known as the hexahedral cubic surface of Cremona.* 

As to the invariants and covariants of the Sylvester pentahedral form of 
the surface much is known and given in explicit form in Salmon’s geometry 
of three dimensions. Nothing, however, is known as to the invariants and 
covariants of this Cremona form. 

The purpose of this paper is to obtain some of these invariants and 
covariants and to outline the further steps necessary for in determination 
of the invariants and linear covariants. 

The results are important in determining the lines on‘a general cubic 
surface. In particular for the Cremona form, the equations of the lines are 
known. If, then, one can find a typical representation for the general cubic 
surface in terms of the Cremona form and can determine the irrational 
invariants for the Cremona form, then the required lines of the general surface 
can be determined from the known lines of the Cremona cubic surface. 

This requires the calculation of the invariants and linear covariants for 
the Cremona form and their identification with the corresponding invariants 
and covariants of the general cubic surface. 

The results obtained are valuable also for any study that involves the 
behavior of the lines of a cubic surface with reference to the covariants of 
the surface. 

Section 1. 

Given in S, the cubic surface (av)*=(8x2)*=.... a known comitant 

becomes |aBynfé|.... (8x), when the surface is taken 


in S,, and the variables are subject to the conditions ==0, 


* Mathematische Annalen, Vol. XIII. 


— 

Ha 

| 
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This process is known as the transference principle of Clebsch. The 
straightforward method for obtaining the corresponding comitant in S; would 
be to eliminate two variables, thus getting the surface in S,, and for this form 
to calculate the comitant, but this would give an unsymmetrical result; whereas, 
by the Clebsch transference principle we obtain a symmetrical result. 

The process of contravariant differentiation is not affected by going up 
to S; from S, in this way. This fact is noted immediately on performing 
corresponding operations in both dimensions. 

Let us examine the degree of the invariants and covariants of the Cremona 
form. A covariant of a cubic surface of degree d, weight w, class c, order a, 
has 3d symbols a; distributed in w—c symbols |a@yé|, c symbols |a6yé| 
and o symbols (ax), whence 3d =4(w—c)+3c+o, or 3d=4w—c+o. 
These symbols become by Clebsch’s principle of transference |aByénf|, 
\aBy&nJ|, (ax), where for the Cremona cubic surface the coefficients « 
are now numerical and the coefficients 7 all are 1 and the coefficients ¢ are 
a, b,....,f. Hence, if d’ is the degree in @, 6,....,f of the covariant for the 
Cremona form, we have 
(1) 
Hence for this canonical form, the invariants have the degree d’=6, 12, 18, 24, 
30,75; the linear covariants have the degree d’=8, 14, 20, 32. 

The invariants of the surface being invariants of P}, must be expressible 
in terms of the rational and symmetric functions of the irrational system 


G,....,f of PZ. The linear covariants of the surface can be expressed in 
terms of the functions 
 (é=2,...., 5). (2) 
Let us now calculate for Pj, referred to a special coordinate system, the 
irrational system @,....,/, and from these form the rational system a,,....,d,* 
which are the elementary symmetric functions of @, ...., f. 
Section 2. 
If we take Pj in the prepared form 
(2) 0 1 90, (9) cy U, (3) 
(3) (6) 2t 4, 


we have (loc. cit., p. 170) 
34=p—3(ux+ut), 3d = p—3(uy+uz), 
3b = p—3(ux+yz2), 3¢ =p—3(uy+7t), (4) 
3¢=p—3(ut+yz), 3f =p—3(ue+zt), 
p= yz. 


* Coble, “Point Sets and Allied Cremona Groups,” Trans. American Math. Soc., Vol. XVI (1915), 
p- 155; in particular § 5. 


. 
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Let us introduce the following notation: 


= 
Y2=yetat, 
Ys = yet+aryt + 

= 


137 


(5) 


For purposes of calculation it is more convenient to use the sums of the powers 


functions, 4. e., if pp= pp= =a’, ... 


values of G@,...., f, given by (4), we find 


27p,=3[ (97; ¥2+18y; Ye—4yi— 2743) w+3 


—3y; Ys—3Y2 w+3 (2y, —3Y2 Ys)u 
], 


81p,=18[ 6 yi + 1893+ 972+ 1872 y2—18y,) u* 


+2 (373 y2+6y, (¥3—6 7271+ 974) J, 


243,=5 [3 (—473+3073 ¥2.—27 yi 


—27y; Ys 81y, Yst 8ly, Ys) 
+3 (10 72—45 Y2—36 + 5473—27072 yi 


+108y3 +5471 277273 + 216y274.—108 74) u* 


+6 (9972 ¥s— 2772 Ys +91 Y2—108 1 21 
+243, —18y; yet 2772 Y2 Y2 Ys) us 
— 2172 279172 72 Ye—3 24 yf) 
+3 (107, ¥2—45y, yi— 1573 Ye 
+2 (4572 y,—6y2—817, 71) J, 


729a,= (4yi—36 + +81 yi 72 


18 


+3 (6yiys— 471 +2471 2171 V2 +9071 
— 275 271 1 Y2 F108 y, 
+1627, Ys) 

+975 +8191 — 2791 Ya ¥s— 10872 27724 
+54y. Yet 2772 t27y3 Ys) ut 

—6y; Yat 1572 yi—4572 Yat 1273) 

+3 (2491 271 V2 Yi 2772 Ys) 
+ (473—3673 


.,f for the rational invariants of P3, rather than their symmetric 
.» ~; =a’, and if we substitute the 


) 


(6) 


| 
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We can change to symmetric functions at any time by means of the 
relations 


Ps=—3 az, 
(7) 


Ps=—5 

Pe= —6a,+-6a,a,+3 a2—2ai. | 

To determine the cubic curves a,...., f on the prepared set (3), solve 

the five relations (loc. cit., p. 168) with Sa=0, thus getting the following 

values, where we write in order the coefficients of x) 22, 
Xe: 


a 
= w—ur—uz, —u?+uyt+ut, 


ut—uy—ty, ye—tu+ty, 2(uz—ut) 
u’+ut—uy, ux+ue—axz, xe—ye—at, 
uy—ut—ty, rt+ty—yz, 2(yz—uz ), 
ty—uy—ut, ye+tv—ty, 2(ut—yz), (8) 


ty—uy+ut, ye—xi—yt, 2(uy—uz) 
= wW—urt+uz, —u?+uy—ul, ux—uz—axe, 


uy+ut—ty, ty—yz—tx, 2(xt—uy), 


Ro} 


= wtus—ue, ve—ux—uz, 


ty+uy—ut, at—yz—ty, 2(ue—at). | 


Combining these with the values of @,....,f, given by (4), we find immediately 
the functions K,,...., K;. 
From the values of p.,...., ps5, given by (6), we find that p;—4>p, or 


a?-—4a,, and 12p,—5p.ps Or @,4;—2a, contain as a factor. If, then, 


ds = Dy, =12p;—5 pops, 


we find 


te 

| 
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Calculating the terms free of u in the functions K,, ...., Ks, I find 
K,=36y,(2t—yz) (a, 
K,=0, 


10 
K,=108y,(72—3y,) (at—ye) 


hence, the combinations K,=9p,K,—4K,, K;=9 (ps—20y.y,) K,—2K;, contain 
uasafactor. It follows from the value of K; that it could not be used to 
advantage in expressing the linear covariants. 

An interesting particular case occurs when the last two points of (3) are 
apolar to the pencil of conics on the first four, 2, %=2,%,=%%; i. e., when 
two of the points are a corresponding pair in the quadratic Cremona involution 
with fixed points at the other four. This requires that zt+yz=u(y+t) 
whence from (4) Since 2=0 and, 
therefore, p,=>a*=0 and p,=>a°=0. If, conversely, p,= p;=0 and if five 
points of P§ be fixed there are fifteen possible positions for the sixth. These 
all are accounted for by choosing any four of the five as fixed points or any 
three of the five as fixed points. Hence, 


The necessary and sufficient condition that the invariants of Pi of odd 
degree (other than the skew invariant d, Vd) vanish is that two of the points 
be apolar to the pencil of conics on the other four. 


Section 3. 
Let the cubic surface be given by 
U or (11) 
for the Cremona form, where the variables are subject to the relations 
} 
The Hessian is the locus of points whose polar quadrics are cones and, 


therefore, obtained by writing the discriminant of a polar quadric. 
According to the principle of transference of Clebsch it is given by 


(12) 


15 
ax) (Ba) (yx) (8x) or (13) 
(66) 
for the Cremona form, where ij = z , and since 7, ....,%s1,.-.:;,1, 
U1, ...., bs, we have ij=b,—b;. The super- and 


subscript of = refer to the fifteen terms obtained by choosing the pair 56 
fram 1, 


| 


| | 
| 
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The contravariant S, as given by the Clebsch transference principle, is 


| aBynt| | | | or =4 [156 256 356456] (14) 


for the Cremona form, where 
Ni; 


Se 


By expanding and collecting the coefficients of § we have 


= SES 24 25 26 + 3194 25 26 + > 13 34 35 36] 
q) (3) (8) 
+3 > 16 26 3545+ + 1> 3415 16] 
(12) (3) (1) (4) 


(1) (6) (12) (5) 


Let us indicate the coefficients of S as follows: 


We find that these coefficients expressed in ona of d,,...., a, the elementary 


symmetric functions of b,,...., Dg are: 
S, = —15a,+4a}+ 9a; b,—6a, 
Sis = 12a,—4a}+3a3}1 —2a,}1, 2 10, 1,0} —6b,[a,+ 26, 2], 
Sy. = 6a,—9az}1} +2a,{5, —2}+10}1, —2,1}, (15) 


—8a,+4a;—a,[10b,+ }1}]+2a,[b, {4} + {3, ] 
+2[2b,}4, —9} + }2, —3,0}], 

—2{—4}2, —4}. J 

Here }....{ refers to the coefficients of polynomials in p,, p, the symmetric 


combinations of the two isolated letters. 
Identities among these which are sometimes useful are: 


—4,3}+a,$1, —2}—a;}1, —1}+a,)1}—a,=0, 
[bt +-b3{1} +0241, —1} +0, 41, —2} + {1, —3,14] (16) 
+a,[bi+b,{1}+ }1, —1}]—a,[b,+ {1}]+a,=0. 


The coefficients of S are connected by the relations 


5 


4 
3 Si. +28. No +2 51,28 ng=0, 
2 28 mt+So Noa +8312 Ns) + Ny t+ Ns +S 
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6 5 
Hence, Yiy Meme or b,, be, also > 
(2) (2) 


A numerical check is furnished by taking = then 


Q,=—6, a,=—4, a,=9, a;=12, ag=4, while S;=S,= 81, Ss = 18 - 27, 
S56 = = —18-18, and all the other coefficients § vanish. 

By operating with S on H (in operating with a form of order » on a form 
of class m>n we remove the factor m(m—1)....(m—n-+1) after differen- 
tiation) we get the first invariant 

I, = & 56°—2> 12°34°[1324+14 23] 
(56) (1) (28) (12) (84) 
+125 b3+24 b? b, bs b, +18 b? —12 b? b,, 


and in terms of the symmetric functions a,, ...., a we find 
I, = 24[4a3—3 (17) 
By operating with S on U? we get the first covariant quadric, 7. e., a Coo. 
Denoting this quadric by Q, we find 
6 5 15 6 15 
(2) (12) (1) a2) 
where 
Qu = 12 S,, Qis = 4 Sie ’ (19) 
(S, and S,, are given by (15)). 
By operating with Q on S we get the contravariant quadric Cio 
Denoting this quadric by q we find 


6 15 es 
=z debs, (20) 
(1) (12) 


where if q,=aj—4a, and 


1 


72 
+3 + as [5a,1,+15 a; Qs+27 gi—15 a3 q,], 
1 


Gis = —32 dy dg—135 as ag—216 a} +198 a3 a,—36 a} | (21) 


+135 a,a;{1} —108 a; a,{1} +27 a} a3}1} +12a,} —43, 33} 

+2a,a,{144, —47} +81a3{0, 1}! —4} 
—248a,a3{0,1{ +36a,{6, —9, +2a2{ —27, —11, 173} 
+6a3}0,—27,61{ +2a,}0, 16, 93, —83 +12}0,0,10,13,—6}. | 


32 


| 

{ 
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By operating with g on U we get the first linear covariant Cy 1. 
Denoting this covariant by LZ, we find OF in 
terms of the functions (2), 


L, = [—1,—8 a. q,] Ke. (22) 


By operating with g on Q we get the second invariant J,, where 


5 15 
5°61, = 22 + Qie- 
q) (12) 


By another method I have found a second invariant to be 
T, = 2° °5 Qs—2 +5’ gi—2-3-5* gigi (23) 


hence, we must find J,=c,J{+¢,1;, where c and ¢, are numerical constants. 


If we denote by M the mixed concomitant obtained by writing the plane 
equation of the polar quadric of any point with respect to the cubic surface, 
we have, according to the principle of transference of Clebsch, 


M = |aBynkE| (ax) (82) (ya), or = 
(24) 


20 8 
(58) 


for the Cremona form. 
By operating on this with 79 Sunny, we get a 
Denoting this by N we have 
N= Lp (38,56? 45 46] Dy Me, (25) 
(128) (4) (128) 


where we find 
= 249,(03—30,) +36 as (0,0,—903) +724, (30, 0;—03) 
+3 [19 (40% 03) (26) 
Here o,, 6,, 0; are the elementary symmetric functions of b,, b;, b,. 
The result of operating with N on S is a Cy,. Denoting this by C, 


we have 


6 10 
C = & (S254 283,56 Cruse) ] = (27) 


10 
Multiplying 9,5. and Cy. together, summing for > and indicating by (1jkl) 
the symmetric sum for five things of = bibjbi bi, we get 


| 
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E29, = 6 a5 b,] [2(2) — (11) ] | 
+ +36 a3[4a;—8a,— 10a, b,] { [ (21) —2(111) ] 
+48 a,[—a,+8a, b,] [(211) —6(1111) ] 

+24 a,[4a2—8a,—10a; b,] [ (211) —3 (22) ] 
+32a, q,[9 (22) — (211) —12(1111) ] 
+- [4a2—8 a,—10 ag b,] [38 (411) —57 (42) 
+10 (321) —30 (33) —30 (222) ] 
+324, b,[12 (32) —8 (311) +6 (221) —9(2111) ] 
+144 a, a3[2(221) — (2111) —40(11111) ] 
+24a,[—d3+8 a, b,] [3 (2111) —2(221)] 
+96 a2[ (2211) —9 (222) +12(21111) ] 
+16-12a, b,[2(321) —6 (3111) +3 (2211) —18(21111) ] 
+16q,[6 (42) —4 (411) +5 (321) —15 (3111) 
+18 (222) —6(2211)] ¢ (28) 
+48a,[2 (421) —6 (4111) +5 (3211) —60(31111) 
+-9 (2221) —18 (22111) ] 
+ 96a, b,[4 (3211) —8 (322) +18 (22111) —9 (2221) ] 
+2[—a,+8a,'b,] [19 -12(31111) —19 (421) 
+20 (3211) —20 (331) — 30 (2221) ] 
+48 a,[2(4211) —4 (422) +15 (32111) —5 (3221) 
: 4-18 (22211) —36 (2222) ] 
+4a,[19{ (4211) —6 (422) +24 (41111) } +10{3 (3221) —3 (332) 
—18 (2222) +6 (32111) —2(3311) —6 (22211) }] 
+38[8 (4411) —8 (442) +30 (43111) —5 (4321) 
+12 (42211) —18 (4222) ] 
+20 [2 (4321) —4 (433) —6 (4222) +20 (33211) —15 (3331) 
+3 (32221) —6 (3322) —180 (22222) J}. | 


10 
In order to get > Sy, C23,, we write 


S934 = 2[403+9 a3 (b;+ be) +6a2(b§+ —4 (b§+ b§) —2 bg (b§ + +1263 
Cog, = 3[8 Di + +124 + (89,+ 1245 b,—24a, bj 
—19 bj) (b§-+0§) + (—8q,—72 as by + 24 a, bj +38 bj) bs be—10 Bj 
+ (1243+ 24 a, b, +103) bs be —19 bj (D5 + 0G) +10 bs bg (b§-+ 05) 
+ (—24 a,—30 bi) b§ bs be (B5 + be) 
—19 —103b3}. 


| 
| 


10 
Cosy = 6 {320 a3 Di + Di +48 ag a DI g, b,]4 (1) 


+ [—76 aj +12 (—8 a, q,) + 24 as—3 as qu) d, 
+32 a3 q,]4(2) 

+ [8-19.43 24 (9a3+4a3) bi —144 (as +243 a3) b, —32.a3 g,] (11) 

+ [—9-19a, b{—40 a; b§—144a, a, b?+12(9a2—4 a, q,)b; 
+72 a3 q4]4 (3) 

+ [9-19a, b{+40 a3 72a, a, b?+12(8a3+9 ai—4a,q,)b, 
+48 a3 a3] (21) 

+ [—6-19a, bi—90 a, bi—4 (55 a+ 8 q,) + 72a, a; b, +48 a, (4) 

+ [12-19a,b[+8 (23 a[—2 q,) bi —24 ] (31) 

+ [—12-19a, b¢+180 a, b?+ 24 (—17 aj+4q,) b?+ 24: 24a, 

+ 24 (9a;—4a;+4a,q,) ] (22) 

+ [—60a, - 73 a, bf +32 q,b,]4(5) 

+ [60 a, a, (8°37a3+48q,)b,+72 a, a3] (41) 

+ [—60 a, b?+8 (23 a2—10q,)b,—1444, a,] (32) 

+ [4-19bi’—18 a, bj —48 a; b, —32 q,]4 (6) 

+[—6-19b{+12a, b{+606 a, b,+164q,] (51) 

+ [—12-19 bi{—6 -89 a, 24 - 28a, b,+20 (4q,—11 43) ] (42) 

+ [28-19bi+12-42a, -122a;b,—8 (16 g,+543) ] (33) 

+ [40b3]4(7) + [—20b?+12 -11a, b,—48a;} (61) 

+ [—180 b?—84a, b,—9 27a;] (52) 

+ [160 b?+ 48 - 11a, b,—3 - 47 (43) 

+ [4-19b7]4 (8) + (71) + [—16 -8b;—18 a,] (62) 

+ [2-89b{—12a,] (53) + [—4 -62 bj—129a,] (44) 

—8-19b,(81) —4-29b,(72) +12 -33b, (63) —4-32b, (54) 

+4-19(82) +78(73)-—4-33 (64) —4-11(55). 

Using brackets for symmetric functions of six things, we have 

(47) = [7] —bi ete. ; 
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(29) 


(30) 


thus, we get C, in final form by making these substitutions in (28) and (32) 


and collecting. 


6 5 
The polar form of (18) is (Em +2 and by operating 
a (2) 


with this on (20) we get a collineation C,,,,. Denoting this by K, we have 


6 5 5 4 
2K = [%(49¢n dis Qi) + Qee+2 + dis Qs) ]. (31) 


| 
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If this collineation be written as 
27K = Pur Doo +++ Dee 


we find 
Pu = %[4,+), bj d,+ bj d;+b} de] ) 
+ Ke[fo,o+01 foi t+; fe feat} ho, 5] 
+03 fs,o +0} fs. fs, s+} fs, 6] 
where 


d, [?+24-3°-53 az 1,—5 -10181 1, gi 


+2?-13-1609 a3q{—3-7-2911 a1, +3 
de = 6 (243+ 359 dg I, —32- 5+ 257 Gy 5°02 Gs 


+5? a3 ds+ +5 +1439 a5 as q,—5* a3 as) 
dy = 3(—2*+3?+53 gq, a31,-+2°- 32-5? g?—2!+3 «2281 ay ds qs 
+ 14153 a,g?-+ 2':3°-5a2q,—2-12097 a3. agaz+5-101 a3), 
d, = 12(—2!-3?-53 a, q,q;+27-3-1049 a} q; 
+5 +3473 
d; = 12 (28-32-83 a,I,—2!-3?-359 a2q,+25 ai), 
= 288 (1621 a, q;+2°+ 3% a3 q,). 

feo = 6(17 g,1,—563 a3 1,—3? +5 3? +5 dy dg 2° +59 ay Gi 
—3-487 a3 qy+2°-5-89 a} g,—2?-3-143 af af—2*-3-5 a3), 

fs.o = 18 (421 a3 7, +2-3 +23 af q;—2-5-127 a, a3 q,+2°-3 -53 a3), 

fo. = 6(—3-7°+3-19 +7 


428-3 +143 aay), 
fo = 12(—2?+11-13 a. +3? ag as 
—2?-3-143 a,a}), 


fs, = 12(2?- 15742 -3?-5-41—2 -3?-5—2-1039—2?-3-143), 
= 12(619—3?- 829—2! 3—2 667 +2°-3-461—2-3-143 af), 
fs,0 = 36(3 5? 

= 36 (—1093 +3?-47+2°- 143 ala,), 

feo = 36(7-389—3 -11-17—2?-3 +53), 

fg = 

fy = 12(2+3-197 1—2?- 72-11 ay a3), 

fag = 12 (2-3 —2?-5 -137 + 2° -37-53—2?-3-143 a3), 

12 (28-3 -53—2?-19 -31—2°-3?-53 +2?-3-143), 

= 12 (2'-3 

= 2'-3°-317 qs—2°-3?- 151 a,a3, = 2*-3°-307 g;—2°-3’ a, ag, 


= +3? ay ds, fo.5 = 2239-619 g,—2°-3?-151 a, dy, | 


hs,3 — 96.32.41] +2°-3?-143 ai, 9%.49 — 2° 3?-143.a?, 
2°. 3°-7 g,+2°-3?- 143 a3, 2°- 38-53 as, 
= 2°. 37-143 a,. 

19 


(32) 


(33) 


(34) 


| 


| 
| 
| 
| | 
| 
| 
| 
| 
| 
| 
| 
| 
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Thus the coefficient of £, in the collineation can be expressed in terms of 
%,, K,, Kz, K,, K; linearly with coefficients which are functions of a,, a3, q,, qs, 

As for the second invariant the sum K,,+....+K6, if not identically 
zero would furnish the self-apolarity invariant of the collineation which we 
could define to be J,. 

The result of operating with C on Q is a Cyyo.,, 2. @., the second linear 
covariant L,. Hence, 


6 5 


The collineation K sends LZ, into the third linear covariant LZ,. This 
likewise is sent into the fourth linear covariant LZ, by the same collineation. 

The three remaining invariants J;, J,, J; are obtained by operating with C 
on L,, L,, L;, respectively. 


1 
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The Lines of Electric Force Due to a Moving Electron. 


By Franots D. MurnaGcHan. 


INTRODUCTION. 


The values of the electric and magnetic forces in the electromagnetic field 
due to a moving point charge, or electron, have been given by Liénard,* 
Wiechert,+ Heaviside,t and, in detail, by Abraham.§ The expressions are, 
however, so complicated in the case of perfectly general motion that the form 
of the lines of force was not obtained except for the simplest case—that of 
uniform motion in a straight line. The field of force for this case was known|| 
long before that for the general case was worked out, and it was shown that 
the lines of electric force at any time ¢ were straight lines through the position 
of the electron at that time ¢; a result which may be expressed by saying that 
an electron in uniform motion along a straight line convects its field along 
with it. 

The form of the lines of electric force is of interest in connection with a 
theory, advanced by Sir J. J. Thomson, of the structure of the ether and 
the nature of Réntgen rays and light. Following Faraday,** Thomson regards 
the lines of force not merely as an abstract mathematical concept but as physical 
realities. He makes, however, one important modification in Faraday’s theory. 
If we have two charges of opposite sign they will be joined by lines of force, 
the direction of a line at any point being the direction of the electric force at 
that point. These are the lines of force which Faraday imagined as physical 
realities endowed with such properties as tension along their length and mutual 
transverse repulsion. In Thomson’s modification of the theory each charge is 
supposed to carry its own lines of force with it independently of the presence 
of other charges. In a field containing many charges there will be many lines 


* L’éclairage électrique, Vol. XVI (1898), pp. 5, 53, 106. 

}¢ Arch. néerlandaises (2), Vol. V (1900), p. 549. 

t Nature, Vol. LXVII (1902), p. 6. 

§ Ann. d. Phys., Vol. XIV (1904), p.236; “Theorie der Elektrizitit,” Band 2, §§ 13-15, Leipzig (1914). 
|| O. Heaviside, Phil. Mag., Vol. XXVII (1889), p. 324. 

Thomson, Proc. Camb. Phil. Soc., Vol. XV (1909), p. 65. 
** A full account of Faraday’s theory is given by Thomson in his “Recent Researches in Electricity 

and Magnetism,” Chapter I. 
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of force crossing at any point and these give a resultant electric force whose 
direction is that of the Faraday line at the point. Accordingly, the lines of 
force attached to a point charge are conceived by Thomson as more funda- 
mental than the idea of the point charge itself and may, in fact, be used to 
define it. 

To account for results obtained in experiments on the ionization of gases 
by Rontgen rays and ultra-violet light Thomson* has modified his theory by 
supposing that the lines of force are not distributed in a continuous manner 
round the point charge. (He had previously + made this modification in 
Faraday’s concept.) 

Section 1. 

Recently a method was given by Bateman} which reduces the problem of 
finding the equations, at any time ¢, of the lines of electric force due to a point 
charge moving in any way, to the solution of a differential equation of Riccati’s 
type. It will be shown that this equation can always be integrated if the path 
of the electron lies wholly in a plane. The following cases, which are those of 
most interest, of motion in a plane have been worked out in detail: 


(a) Rectilinear motion with any velocity and acceleration; 

(b) Uniform motion in a circle. 

It has been found possible to integrate the equation in one case of motion 
in three dimensions—that of uniform motion in a circular helix. Further, it 
has been found that if one solution of the Riccatian equation is known a second 
can be derived from it and accordingly the general solution is reduced to the 
evaluation of a single quadrature. 

It will be convenient to give here a brief account of the method by which 
Bateman obtained the Riccatian equation referred to. Let C be the curve 
along which the electron is moving and let x=£, y=, e=€ be the coordinates 
of the point of C, occupied by the electron at time 7, so that £, 7, f are functions 
of t. Denote differentiations with regard to ¢ by primes so that the velocity 
of the electron is 0 = 7’, and its acceleration is 0’ = (£”, 7”, where 
bars are used to distinguish vector quantities from scalars. Let P be any point 
in space. Then if x, y, 2 are the coordinates of P, a disturbance emanating 
from the electron at time 7 will reach P at time ¢ if c(t—v) =r where c is the 
velocity of light and r?= (a—&)?+ (y—n)*?+ (e—{)*. Denote by 7 the vector 


* Phil. Mag., Vol. XTX (1910), p. 301. 

+ Proc. Camb. Phil. Soc., Vol. XIV, p. 417. (For this and other theories as to the structure of the 
ether see Bateman “Electrical and Optical Wave Motion,” Camb., 1915, Chapter 8. 

t{ Bulletin Amer. Math. Soc., 2d Series, Vol. XXI (1915), No.6, p.308; American Journal, April (1915). 
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OP (where O is the position of the electron at time 7) and let (1, m,n) be the 
direction cosines of 7. Then the electric force at P at time t is known* to be 


where e is the charge on the electron, round brackets denoting scalar products. 
If we differentiate the equation r?=(x—&)?+ (y—n)?+ (e—Z)? we get 

where and since c(t—v)=r we have =A. We 


shall be interested in the direction only of EH at P and an easy transformation 
of the expression for E shows that it has the direction of the vector 


(c v8) {0 oth ph, 


Let P’ be a point consecutive to P and let its coordinates be x+da, y+dy, 
2+dz. P’ will be reached at time ¢ by a disturbance which has emanated from 
the electron at time t-+dzt; at this time let O’ be the position of the electron 
so that &+dé, y+dy, €+dZ are the coordinates of O’. The x component of 
the vector equation PP’=P0O+00’+0'P’ may be written | 

dx dl dé 


(t—r—dr) or 


‘ie 


Thus, if is the vector PP’ we have = (0-07) m’, n’) where, as 


previously, (l’, m’, »’) is used to denote the vector whose components are 
l’, m’, n’. Comparing this with the expression giving the direction of the 
electric force at P, we see that PP’ is the direction of the electric force at P 
if the three equations 


(1, m,n) 0", £") n’—em, L—en).... (A) 


are satisfied. From the manner in which these equations were derived we see 
that, if (l, m,) is a solution of these equations satisfying also the condition 
?+m?+n?=1; the equations 

(where ¢ is a parameter satisfying the inequality r<¢) give a line of electric 
force at time ¢. It will be noticed that, if at each position of the electron we 
imagine a particle projected with velocity c in the direction (1, m, n), the 


* Abraham, “Theorie der Elektrizitit.” 
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aggregate of these particles will at any time ¢ form a line of electric force. 
All the lines of force at any time ¢ pass through the position of the electron 


at that time. 
In order to obtain the solutions (1,m,») of (A) which satisfy ?+ m?+n?=1 


1—n 
l—im 
the Riccatian equation 


put o where 7? =—1. After an easy reduction we obtain 


where ¢=£+ iy and is its conjugate 
If o is a solution of this equation and if its conjugate is s, t= oe 


a= is a solution of the equations (A) which satisfies 
24+ m?+n2=1. 


It is interesting to note that the equations (A) are a generalization of 
the equations 
(l, m,n) =(mr—nq, np—lr, la—mp).... (B) 


to which they reduce on making c=0 and v*(p, g, r) =[0’ 0] the square brackets 
being used to denote a vector product. These equations occur in the kinematics 
of a rigid body and have been considered at length by Darboux.* Several 
writers t+ have extended them to the case of four or more variables and have 
obtained results similar to those found by Darboux. 


§ 2. Assocratep Directions or 


A solution (/, m,) of the equations 
d 
(c?—v’) dt (1, m, n) n” +p (é'—el, n'——cm, (’—en), 


which have been mentioned in the preceding paragraph, will be called a direction 
of projection provided /?+m?+n?=1. It will now be shown that to every 
direction of projection there corresponds, in an involutory manner, a second 
direction which shall be called the associated direction of projection. 

Let O be the position at time ¢ of the moving electron so that the Cartesian 
coordinates of O are &(v), (tv), (v). Let OP be a direction of projection 
at O so that (l, m,), the direction cosines of OP, satisfy the fundamental 


* «Théorie des Surfaces,” Tome 1, Chapters 2 and 3. 
} Craig, Cole, Eiesland, Amer. Journal, Vol. XX (1898); Hatzidakis, Amer. Journal, Vol. XXIII 
(1901); Eiesland, Amer. Journal, Vol. XXVIII (1906); Matsumoto, Memoirs of Coll. of Science, Kyoto 


Imp. Univ., Vol. I, No.7, January (1916). 
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equations (A) of § 1. Let Q be the position which would have been occupied 
by the electron at a time ¢>¢ if it had continued to move with velocity 
v = (E', v’, @’) along the tangent to its path at O. Thus, the coordinates 
of Q are 

(21, 4)= t—¢, n+n't—t, 


If now we make OP=c(t—r) and draw a sphere with centre O and radius OP, 
then PQ will meet the sphere again in a point P’. OP’ is the associated 
direction of projection at O. To prove this write c(t—rv)=r so that the 
coordinates of P are Yo, %)=(E&+rl, n+rm, €+rn) and PQ has the 
equations = Yo = 1 / —% = 9, say. But 
= (t—r) (&’—cl) and so we have three equations of the type ~—&=£' (t—r) 
+6(&’—cl) (t{—7r). Let (a, y, 2) be the coordinates of P’. P’ being on PQ 
we have «—&= (t—r) {&’+6,(&’—cl) | where 6, is the value of the parameter 6 
giving P’. Since P’ is on the sphere we have the equation 


(a—&)?+ (y—n)*(2—¢)* =e 


and from these two equations we get 


Slo 


(FB) (FB) { =0. 


The roots of this equation are 6, = —1 and 6,= (¢—v)/] + v2 (7 v) |. 


The root 6,=—1 is the parameter of the point P itself. The second root is 
the parameter of P’ and so if (LZ, M, N) are the direction cosines of OP’, so 
that s—&=c(t—t) L, etc., we obtain the following three equations for L, M,N: 


(2’—cL, n'—cM, ¢’—cN) =h(v’—c’) (g’—cl, n'—cm, ¢’—cn), 


where h'=¢—2- (70) +v*, If as in § 1 we use the abbreviations 
1 


Write & to denote the vector OP’, and I to denote the expression e—(R) : 


then from the values obtained for (LZ, M,N) it is easy to deduce the equation 
T= hau. 

In order to prove that OP’ is a direction of projection we have merely to 
show that (LZ, M,N) satisfy the equations (A) of $1. In other words, it must 
be shown that the three equations 

d 


(L, M, N)=1(&",", 0") + P(&’—cL, n'—cM, ¢’—cN) 
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are true, where P=L&” +My" + NE" (Rd’) and, as before, 0’ is the vector 


acceleration of the electron at O. If now we multiply the equations (A) by 
&’, respectively, and add they give u(p+q) where 
q=l t’+m'y’+n'f’. This equation is equivalent to 
—pa! = 
Again ¢’—cL=—uwuh(é’—cl). Our object is to obtain L’ so we differentiate 
this equation and it gives 
cL’ —&" =ph(&" —cl’) —2h(U0’) (&’—cl) —2uh? (&’—cl) [ca'+ (00’) ]. 

On combining the first two terms on the right-hand side of this equation 
with the term —&” on the left-hand side we obtain, after substituting for I’ its 
value from the equation (A) of § 1 and for 4%’ its value just given 

cL’ =h\ — (’—cl) [ep + ] | +20°(E’—cl) (cA—g) | 
or — (&’—cl) p} + 2h?A(&’—cl) |. 

Again from the values already given for (L, M,N) we derive 
cP=(00’) +uh} (00’)—cp} or P=h[2A(00’)—pp] since h'=2ca—u. 
Substituting these values of L’, P in the equation wL’ =Té” + (&’—cL)P we see 
on dividing across by uhp(é’—cl) that this equation is true if 1—2hca+uh=0 

which is so since h~'=2ca—a. 

This proves the theorem stated. If we know a particular solution 
OP =(l, m, n) of the equations (A) we can obtain a second solution 
OP’ = (L, M, N) in the manner described at the beginning of this paragraph. 
Darboux* has given a similar result for the equations (B) of § 1. 

There is one particular case, when the associated direction coincides with 
the original direction of projection, in which we can not obtain by this method 
a new solution of the differential equations. In this case PP’ is a tangent line 


to the sphere and so Le + ma! ng! = v= or A=0. It is easy, as a matter of 


fact, to verify that if we put 2=0 in the equations for L, M, N that L=l, 
M=m, N=n. In this case the velocity v of the electron is greater than c, 
the velocity of light. From the equation for 2’ we see that when 7=0 
2’ also =0. In the cases of motion for which the solution has been worked 
out it will be seen that there are always a single infinity of solutions compatible 


with ~a=0. 


* «Théorie des Surfaces,” Tome 1 (1887), p. 23. 
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§ 3. Sotution Wuen Morton Is 1n One Puane. 


Let 6 be the angle between OP and OQ so that v cos 0=1é’+my’'+né. 
It will now be seen that if the associated directions OP, OP’ are distinct and 
equally inclined to OQ, the motion of the electron is in one plane and the 


solution can be found. OP and OP’ are equally inclined to OQ if cos O== 


for then PP’ is perpendicular to OQ. Also since A=c—v cos 6 we have u=cA, 
and so —cA’=2(00’). On substitution in the equation —pa’=Aj}cp + } 
of § 2 we get —ca’=cp+ (00’) or cp=(00’). Substituting in the first of the 
equations (A) this gives u(&” —cl’) =—(&’—cl) (0 0’) which is at once integrable, 
giving &’—cl=a(c’—v’)* where a is a constant of integration. Similarly, we 
obtain the equations 7’—cm=b(c?—v’)!, (’—cn=d(c?—v*)* where b and d are 
constants of integration. On multiplication by &’, 7’, ¢’, respectively, and 
addition, these three integrals give a&’+by’+dZ’=0 (remembering v?=c?—cA). 
Similarly, on using &”, 7”, ” as multipliers, we get, since (U0’) =cp, 


ak” +by” +dé" =0. 


Thus, the velocity and the acceleration of the electron are in the same plane; 
hence, if a solution of the fundamental equations can be found which satisfies 
the equation c cos@=v, the motion of the electron is in one plane. Conversely, 
if the motion is plane it is easy to pick out a solution for which c cos@=v. 
The theorem of associated directions, then, gives a second solution which also 
satisfies ccos6=v. Knowing these two solutions the integration of the 
Riccatian equation of § 1 is effected by means of a single quadrature. 

Take the plane of motion to be z=0 so that ¢’=0,f”=0. It is evident 
that cl=&', cm=y’ satisfy the first two equations. These values of /,-m 
satisfy ccos6=v. To determine n we have the condition /?+m?+n?=1, 
giving cn= = (c’—v’)*. Hither of these values of n satisfies the third equation 
which is, in this case, un’ =—cn(lE”+myn”). Hence, the solutions which give 
c cos are cl=&’, cm=y’, =u. 

To obtain the general direction of projection it is necessary to solve the 
Riccatian equation. In the case of plane motion this is somewhat simplified 


and is 2(c?—v’) = = cp” —2ia (E’ n” —E” n') —co’ where o(1+n)=l+im. 


Substituting for 1, m,n the values just given we have the two particular solu- 
tions 6, given by c(1+)o,=9’, c(1—o)o,=9' where co=(c?—v’)*. It is 
easy to verify that o,, o, satisfy the Riccatian equation. 

20 
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The general solution of the Riccatian equation is, therefore,* 


We 92 


where A is a constant of integration and 2(c’—v?)R=—cy”". A is, in general, 
complex since o is complex. 

Thus, when the motion is plane, the problem is reduced to the integration 

—in" ) dt 
The integration can always be effected if the scalar quantity v is constant, 
and in this case the integral is [c/(c’—v’)?*] log y’, so that 
o=0,+ 
14+Aye 

If 7=0, »'=0, 7” =0, it is evident that the integration can be carried out. 
This is the case of rectilinear motion which will be treated in detail. The 
remaining case of most interest is that of uniform motion in a circle and the 
solution is in this case given in terms of the trigonometric functions. In general, 
the explicit determination of the equations of the lines of force depends on the 


evaluation of the integral given above. 


§ 4. Particutar Cases or Puane Motion. 
(a) Rectilinear Motion. 


Taking the x-axis as the line of motion we see from $3 that the solution 


"ad 
depends on the integration of c 1 P SS In this particular case, however, 


the general solution can be obtained at once directly from the Riccatian equation 
which becomes 2 (c?—£’*)o’ =c&” (1—o”). 


This gives = 5 lo + log A (for &’=v). Write d=a+iP 


and we have =(a+i ig) . Whence, 
o =} (a+iB) (c’—v*)!—(c—v) } +} (c—v) 
From this point we must distinguish between the cases v $c. 
Linear Motion When v<c. 
(c?—v’)* is real and so if s denotes the conjugate of o we have 


(a—iB) (c’—v*)*+ (c—v) | = (a—48) (c?—v*)!— (c—v). 


* Cohen, “Differential Equations,” p. 175. 
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Forming the product os we find 
os} 8?) (c?—v?) + (c—v)?+2(ce—v) (P—v’)* a} 
= 8?) (e?’—v?) + (c—v)?—2 (e—v) (P—v*)*a, 
and since (1+os)/=o+s, (1+os)im=o—s, (1+os)n=1—os we have 
Rl = (e+v) 6?) —(c—v), Rm=28(c?—v’)!, 
where R= (c+v) (a?+6?) + (c—v). 
The lines of force at time ¢ are, with these values for 1, m, n, 
y=c(t—t)m, z=c(t—t)n, 
and a, 8 are two arbitrary real constants. 

It is seen that ay=(z or the lines of force lie in planes through the 
direction of motion a result evident, 4 priori, from symmetry. If v is constant, 
so also are 1, m, n, and we get the well-known result* that in the case of 
uniform motion in a right line the line of electric force at time ¢ through any 
point x,y,z is got by joining 2, y,z to the position of the electron at that time ¢. 
Since the lines of force are symmetrical round the direction of motion it is 
sufficient to consider the lines in the plane z=0, so that a=0. For instance, 
in the case of simple harmonic motion we may write =a cos pr and the lines 
of electric force in the xy-plane are x=a cos pr+c(t—t)l, y=c(t—t)m, where 

1} (c—ap sin pr) + (c-+-ap sin pt) | = B’(c—ap sin pr) —(c+ap sin pr), 

B?(c—ap sin pt) + (c+ap sin pt) | = 28(c’—a*p’ sin’ 
The single arbitrary constant 8 gives the single infinity of lines in the plane. 
To get an idea of the shape of the lines take the particular line B=1. Then, 
cl=—ap sin pt, cm= (c’—a?p’ sin’ pr)*; put t=0 and r=—7’ so that ¢’ takes 
positive values. Then, cos pt’+cr’l, y=ct’m, where cl=ap sin pt’. 
Thus, x=a(cos pr’+ pr’ sin pt’), y= (c’—a’p’ sin’ pt’), where takes 
positive values. If a is small we have at distances far from the origin 
v+y=cr’, x=a(cos sin pe’). 

The line of force is of an oscillatory character with increasing amplitude about 
the line x=0. 


Case of Uniformly Accelerated Motion in a Straight Line. 

Let g be the uniform acceleration and suppose the electron to start from 
rest at the origin at time r=0. Then, §=}92*, v=gr so that 
(c+ 97) —(c—gr), where R=6?(c+ gr) + (c—gr). 
Consider the particular line @B=1. Then, R=2c and cl=grt and the equations 
to the line of force are x=497?+ (t—r) gt, y= (t—T) 


* J, J. Thomson, Phil. Mag., Vol. XI (1881), p.229; O. Heaviside, Phil. Mag., Vol. XX VII (1889), p. 324. 
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These equations take a somewhat simpler form if we transfer the origin 
to the position of the electron at time ¢. Then, s=—4g(t—rt)’ and taking t—r 
as the parameter s we have y’=s"{c—g(t—s) | {c+g(t—s)}, where 
s takes values from ¢ to zero. On eliminating s this is a quartic curve 


It is easy to see how the lines of force due to a point charge in rectilinear 
motion are altered in shape when the moving charge is accelerated or retarded. 
For example, imagine the charge to have been moving with uniform velocity 
for a long time and, then, to be suddenly affected with a retardation g, and 


consider, as above, the line @=1 for which l= < ; the electron, being at r=0 


at x=0, is reduced to rest at time to. Consider the line of force at this 


time. The part given by the aggregate of particles imagined projected at 
times t<0 is a straight line which would pass if produced through the point 


2 
Sus - At the point where this straight line meets the line cl=v through the 


2 
origin, the line of force bends and passes through the point «= in a direction 


perpendicular to the line of motion. At any later time ¢ the line of force is 

made up of three parts: (1) A straight line part which goes, if produced, 

through x=vt, (2) a bent part beginning where this line meets the sphere 
2 

e+y’?+2?=—c'?* and ending at => y=C ¢ —*), and (3) the part of the line 


2 
n= from this point to y=0. A similar result holds for the lines got from 


other values of 8. It is evident that if the electron is stopped instantaneously 
we can get the lines of force in the following way: Draw the pencil of lines 
through «=vt, y=0. The sphere with centre at origin and radius ct cuts these 
lines in points where the lines of force bend suddenly, the remaining portions 
being the radii of this sphere. This explains how the discontinuity due to the 
sudden stoppage of an electron spreads out in a spherical wave. The commonly 
accepted theory of Rontgen rays is that they are pulses of this type due to the 
sudden stoppage of cathode particles. It is important to notice that in all cases 
the direction of projection is determined by the velocity at the point of projec- 
tion and is independent of its acceleration. 
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If we give particular values to v, g, ¢c, it is easy to draw the bent portion 
of the line of force due to the retarded part of the motion. For instance, 


take v=4, g=c=8; then the electron is reduced to rest in time r=5, its 


position at that time being x=1. Taking B=1 we have /= =, First take t = 5 


so that we are drawing the line for the instant when the electron is reduced to 


rest. Then, if ‘= The distance from & 


to the corresponding point on the line of force is c(t—r)=4(1—27r) =81. 
It is found that the bent portion of the line of force resembles closely the part 
in the positive quadrant of an ellipse whose axes are in the ratio of 10:34. 


Having drawn the line of force at time => we get the form of the same line 


at any subsequent time by producing the radii vectores from & to the corre- 
sponding point on the line of force at time t= > a constant distance. This 


method of deducing the successive positions of a given line of force from the 
position at any one time follows from the equations of the lines of force and 
is applicable in the general case. 


Motion in a Straight Line When v>c. 
In the equation 
(a+i8) (?’—v*)! + (c—v) fo = (e’—v*)#— (c—v) } 
(c?—v*)? is now a pure imaginary. Writing it in form i(v’—c’)? we see that s, 
the conjugate of o, is given by the equation 
(a—i8) (v’—c2) 44 i(c—v) | s = (a—iB) 
From these we obtain as before 
Rl = (a?+ (v+ce)—(v—c), Rn =28(v?—c’), 
where R= (a?+ (v+c)+(v—ce). 
The lines of force lie in planes through the axis of x; putting GB=0 we 
obtain the lines in the plane zy. It will be noticed that, for these, if a=1, 


l=<, and so A=0. Hence, in the case of rectilinear motion with constant 


velocity v>c the generators of the cone l= = are directions of projection. 


The cone with vertex at x=£(t) and semi-vertical angle a=sin-'= accordingly 
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separates the regions where there are lines of electric force from those regions, 
where there are no lines of force. The generators of the cone are lines of 
electric force. This is a known result.“ If v is not constant, these successive 
cones envelope a surface of revolution, the meridians on which are lines of 
electric force, and which enclose all the lines of force. 


Motion in a Circle with Uniform Velocity. 


Let p be the constant angular velocity and d the radius of the circle. 
Then, the plane of the circle being z=0, and the centre of the circle being the 
origin of coordinates, we have =a cos pt, y=a sin pt, (=0; whence, ¢=ae” 
and the particular solutions of the Riccatian equation are o,, 0,, where 

c(1+@)o,=iape’, c(1—a) =iape”’ and p’. 

On substituting these values in the general solution for plane motion it is 

found that 


o = ie'?" 
If v<c, wis real; if v>c, w is a pure imaginary, so there will be two distinct 
solutions according as 
(a) Case When v<ce. 

Since is real, s is got by merely changing the sign of 7 wherever it 

appears in the expression for co. Adding we have 
2¢c(1+0) P sin pt+Q cos pt 
ap 


1 


ot+s= sin pr—2 R 


where P,Q, R are defined by the equations 


P=acospt/a+ sin p t/a—ap/2ca, 
Q=asinpt/o—P cos pt/a, 
R= 8") +0’ a’—ap/ca (a cos pt/a+ sinpt/a). 


Similarly, on subtracting we find 


~i(o—s) =20(1+)/ap cospe+2~ 
and on multiplication 
2¢(1+e) 
R 


* O. Heaviside, “Electrical Papers.” 


+ The integral Sts dr of §3 is, in this case, +1ogy’ and y=ae~‘, 
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from these equations we obtain R(1+os)=S, R(1—os)=T, where S and T 
are defined by the equations 
2 1—o 2ap pr pe 
2a (200s +8 sin®), 
1—oa 
20’ 


2 
T = (02+) —+ 


and hence /, m, » are given by 


_ 2 ap 
ot sinpr+ {(P+ osinpr—Q cos pr}, 
= COS pt cos pt+Q sin pr}, 
l—os T 
~ I+oes” 8’ 


and with these values of J, m,n the parametric equations to the lines of force 
are «=a cos pr+c(t—r)l, y=asinpt+c(t—tr)m, z=c(t—t)n. 

By a suitable choice of the constants a, 8 so as to get particular lines of 
force these expressions may be considerably simplified. Thus, if we put «=0, 
B=0, we have 1=—(ap/c) sin pt, m=(ap/c) cos pt, n=o, and the line of 
force is given by the equations 

cos pt—ap(t—zr) sin pt, y=a sin pt+ap(t—t) cos pt, z=ca(t—t). 
It is obvious that it lies on the hyperboloid of revolution 
(a? y?) 

which contains the circle of motion. Writing this equation in the form 

(%/a—pz/ca) (%/a+ pe/cw) = (1+y/a) (1—y/a), 
we see that the directions of projection are generators of the hyperboloid. 
The form of the line of force is evident if we consider its projection on the 
plane of motion. The equations of the projection are 

cos pt—ap(t—t) sin pt, y=a sin pt+ap(t—rT) cos pt, 2=0; 
giving 
(x—a cos pt) + (y—a sin pr) tanpr=0 
and (x—a cos pr)?+ (y—a sin pt)* =a? p*(t—t)’. 


These are the equations to an involute of the circle 2’?+y’=a’*; the involute 
meeting the circle at the position of the electron at time r=t. To obtain, 
then, a line of electric force due to an electron moving with velocity v<c na 
circle we unwrap a string which is wound round the circle, the tracing point 
at the end of the string leaving the circle at the position of the electron at 
time ¢. Having obtained this involute we project it by lines parallel to the 
axis of on the hyperboloid 
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Lines of Force in the Plane of Motion. 

To obtain these put n=0. Then, 7=0 or (a?+?) =(1—/2@)’, and so we 
may write 20a = (1—w) cos 6, 208=(1—a) sin and these give S = (1—a) k 
where k=1—(ap/c) cos(pt/a—9), and, finally, 

kl = sin pr cos (pt/a—0) —(ap/c) sin pt—o cos prt sin (pt/a—8), 
km = —cos pt cos (pt/a—0) + (ap/c) cos pr—o sin pt sin (pt/a—8). 
The single constant 6 gives the single infinity of lines in the plane of motion; 
from symmetry we need only consider a particular value of 0, say 6=0; then, 
kl= sinpt cos pt/w— (ap/c) sin pt—o Cos pt sin pt/a, 
km =— cos pt cos pt/a+ (ap/c) cos pt—w Sin pt sin pt/a, 
where the Doppler factor k is now 1—(ap/c) cos pt/a. 


Circular Motion When v>c. 
«@ is now a pure imaginary and so it may be written =10 where @ is real, 
The functions o and s are given by the equations 


1 


whence 
a 


2c 2c6 p 
D(o+s) sin pt+ cos pr) +2¢ cos pr—a sin + 


where — { —pt/0 
D=d0e +4 Be 


Similarly, 
—iD(o—s) = =D (cos pr—O sin pt) a cos pr+ sin pt} + sin pt 
2c 
and (a—66). 


Using these values we obtain, after some reduction, and on writing 
F — (a?+ 62, 


6{F cos pr + (64+ 3) sin pt 


[sm prt G 


» | 

; 
6{F sin pr —— (644-8) cos pt} 

m= — |cospr— ap 
ap L G 


ap G 


n= 


; 
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The lines in the plane of motion are obtained by writing «a =08. Further, 
A=0 reduces to 6a -8=0 and with this relation between the constants we find 


1= {= cos pe | — sin pt 
ap ap 
== {2 sin pe © sin pt 
ap ap 
n==— 4c 
ap 1+2 


where s=4a°@e~*""/", Thus there is a single infinity of lines of electric force 
whose directions of projection satisfy A=0. Putting a=0 we get that one of 
these which lies in the plane of motion and from symmetry this line is the same 
as all the lines in the plane of motion. Since for this line 


Cc Cc 
‘= [sin cos pt], m [cos pr+6 sin pt], n =0, 


we have on writing sino= COSh =< that l=cos(pt+¢), m=sin(pr+¢), 
and the equations to the line of force are 

cos pr+c(t—t) cos(pt+¢), 

y=a sin pt+c(t—t) sin(pt+¢?). 
The direction of projection makes a fixed angle with the radius of the circle 


to the point of projection; the line, therefore, winds round the circle in a 
manner very similar to its involutes. 


Motion in a Helia with Uniform Velocity. 


It has been found possible to solve the problem in one case where the 
motion is not in one plane. If the electron moves in a circular helix with 
constant velocity so that =a cos pt, y=a sin pt, {=dt, where d is a constant, 
the Riccatian equation of § 1 may be written 


2(c—at = ap" (d—c) —2ioa’ ap’a* (c+d). 
Making use of the trial solution Ae’ we find that o,, 6, are particular solutions 
where 
(c+d) (1+@)o,=iapet’, (c+d) (1—w)o,=iape’ and (c’—d*)a’=c’—d*— a’ p*. 
Proceeding in the same way as before the general solution is found to be 
(c— 1 


d) 


21 
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and from this on the work is the same as in the case of circular motion. 
In the case when c>d and c’<d’+a’p’ (so that is a pure imaginary) it is 
found as before that if we write o=10 that A=0 if «48+@=0. Thus, again, 
there exists a single infinity of lines of force for which the directions of pro- 
jections satisfy A=0. It has not been thought necessary to give the detailed 
results here ‘as they are not essentially different from those already developed 
for the case of circular motion. 
SEcTION 5. 


It was thought that it might be possible to find several curves with the 
same directions of projection. In other words, that, knowing a solution 
(1, m,n) of the equations (A) of $1 for a definite curve of motion, it might be 
possible to find another curve or system of curves crossing the directions of 
projection for the original curve and such that these lines are also directions 
of projection for them. It was found that this is not in general the case and 
if a second path could be obtained in this way the three equations of the type 


§ (75 75" 


Ot 


would be satisfied. From these it is easy to deduce that 


(52) + (Se) + (ae) = 


where a is a constant, an equation which is true in the case of rectilinear 
motion with uniform velocity. 
CoNcLUSION. 

The main results of this paper may be restated as follows: The problem 
of finding the equations of the lines of electric force due to a moving electron, 
considered as a point charge, has been reduced to the calculation of an indefinite 
integral in the case when the motion is all in one plane and so may be regarded 
as solved. The more important cases of plane motion such as rectilinear motion 
and motion with constant velocity in a circle have been worked in detail and 
several lines have been found to have a more or less simple geometrical 
characterization; in particular, may be mentioned the line for the case of 
uniform circular motion which lies on a hyperboloid of revolution through 
the circle of motion and whose projection on the plane of this circle is an 
involute of the circle. The solution of the problem for the case of uniform 
motion in a circular helix has been indicated and this is interesting in so far 
that no general method has been found for cases where the motion of the point 


charge is not in one plane. 


On Inequalities of Certain Types in General Linear 
Integral Equation Theory. 


By Mary Evetyn WELLS. 


Part I. 
$1. Introduction. 


In the theory of the classical linear integral equation 


E(s) =n(s)—2," x(s, t)n(t) dt 


we find the inequality of Schwarz * 


In the theory of the general linear integral equation 
E(s) =n(s)—AJx(s, t)n(t), (1) 
in which appear more general functions and operator, explained later, EK. H. 
Moore has found, among other inequalities, the analogue of the Schwarz 
inequality given above, namely, 
= 0, (2) 


where — denotes the conjugate imaginary. We proceed to the discussion of 
such inequalities. 

In a memoir “On the Foundations of the Theory. of Linear Integral 
Equations ”,t E. H. Moore has given the basis =;, and system of postulates, of 
a theory of the general linear integral equation (1) which we shall write 

xy. (1) 
EK. H. Moore has defined the properties of class ¢é=[u] of functions u on a 
general range $=[p] to the class %=[a] of all real or complex numbers, 
properties of class (NM), to which the kernel function x belongs, and also the 
properties of the functional operation J, necessary for the theory of the gen- 


* Heywood-Fréchet, “L’Equation de Fredholm.” 
¢ Bulletin of the American Mathematical Society, Ser. 2, Vol. XVIII. 


i 
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eral linear integral equation. For the convenience of the reader some of the 
definitions are given here. 
M is linear (LZ), in notation M*”, in case 
M=M, = [all 


M is real (A), in notation M*”, in case the class Wt is the same as the class 


of conjugate elements, = 
M=M. 


J is an operator of binary quality eliminating both the arguments s and ¢ 
when it operates on such a function as u,(s)u.(t) or x(s,¢t) giving a number of 
class Y. That J operates on a function x to give a number a, we indicate by 
the notation J™**. The notation J;, ,x(s,¢) will be replaced, throughout, 
by Jx, and by That Juju, is in general different from 
Juz, is seen by the examples of J used in $ 4. 

The operator J is linear (Z), in notation J”, in case 


implies a,Jx,+aJx,=Jx. 
The operator J is hermitian (H), in notation J”, in case 
The operator J is positive (P), in notation J’, in case for every function 


of M 
2 0. 


Using the foundation 


it is the purpose of the first part of this paper to show the existence of certain 
inequalities of the type 


(2) 


where ijkl is an arrangement of the digits 1234 which refer to the functions in 
the first, second, third and fourth positions in the product £2% of which the 
arguments are omitted for convenience. For instance the term dygoJ 13) ,¢En7 
indicates d,g.JéyJéy. Of the twenty-four terms to correspond with the twenty- 
four arrangements of the subscripts 1234 in J,,J,, only twelve are distinct 
since J;,J,,=J,,J;;.. Thus, the inequality is one of twelve terms as indicated 
by the notation in (3). For definiteness the digit 1 will be kept in the first 
place or the last place in the arrangements of 1234, and the other digits will 
be in dictionary order. With this plan the coefficients of the twelve distinct 


4 
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terms are as indicated in table (7). In further explanation of (3) it should 
be said that the parenthesis indicates that the inequalities are valid for all 
functions ~ and y of the class t and all operators which have the properties 
LHP. Since throughout this paper & and y will always be considered of the 
class It, and each J will have the properties LHP, these superscripts will 
often be omitted, and the superscripts used will usually indicate still more 
special properties of £, 7, and J. 

Further, it will be shown that the inequalities exhibited form a funda- 
mental set for the two cases, (1°) where J=J, i.e., J t) =S x(t, s)*, 
(2°) where & and y are real. By saying that certain inequalities form a funda- 
mental set, it is meant that any inequality of type (3) which satisfies condi- 
tions shown to be necessary, can be expressed as a sum of positive or zero 
multiples of the inequalities forming the fundamental set. 

The three following inequalities, containing a numerical parameter uw, 
together with those obtainable from these three by transformations on £ and , 
form the fundamental] set (1°) when J —J, (2°) when & and » are real. 


}(1 + ut) + (u + U) Ji EEnn = 0 (4) 
{Tig Ue) 0g + Ud 99S + UUI 94 | EEN = 0 ut; (5) 


§ 2. Proofs of the Inequalities. 


A special case of the first inequality (4) is the generalized Schwarz 
inequality (2) stated and proved by E.H. Moore. The proof of inequality (4) 
was exhibited by E. H. Moore in class lectures given in January, 1914. For 
the derivation of (4) and (5) E. H. Moore proved that when a set of classes 
of functions ...., each of which is linear (LZ) and real (BR), 
is used to form the class MN=(M’M”....M”),,¢ the resulting class is 
linear (LZ) and real (R); and that the corresponding functional operation 
J=J'J”....J™, in which each J“ has the properties LP, itself has the 
properties LP. Accordingly, when m=2, we have 


* E. H. Moore, Bulletin of the American Mathematical Society, April, 1912. 

7 “On the Fundamental Functional Operation of a General Theory of Linear Integral Equations” 
published in the “ Proceedings of the Fifth International Congress of Mathematicians, Cambridge, August, 
1912.” 
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Since the two operators are not necessarily the same, two inequalities are ob- 
tained, (4) by using JJ and (5) by using JJ. 

To prove (6) it is only necessary to write the inequality as a product of a 
number and its conjugate: 


Table (7), in which the inequalities are tabulated by means of their coeffi- 
cients a,,, and labeled A,, A,, ...., Ay for convenience in reference, shows the 
complete set of inequalities (4), (5), (6) and those obtainable from (4), (5) 
and (6) by transformations on £ and y. The transformations used may be 
indicated by the usual transformation notation:* (££), (££) (nz), (nz). 


A,,|l+um 0 0 O 
A,,| 0 fitumy 0 0 (4’) 
A, 0 0 0 0 0 0 0 0 0 0 
0 ‘S10 18 141 0 tal (5’) 
Ag y| uu 0 710 107 0 iat 1 
Apu} | O o o 
0} 0 o jo] o 


§3. The Twelve Inequalities (7) Form a Fundamental Set When J=J. 
Proor. Since the operator J is self-transpose (J =J), JT As 
an example of such an operator may be mentioned the classical unary J of the 
classical instances JJ, , JJ], IV,+ which, in the respective instances, is 


Sap. 


p=1 p=1 
When the self-transpose J operates upon ££yy, we have 


* Cf. Cajori, “Theory of Equations.” 
+ E. H. Moore, “On the Fundamental Functional Operation of a General Theory of Linear Integral 


Equations.” 


= 
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Consequently, we have a grouping of coefficients a;;,, which we designate 


Dy = + Ay243 + + 
Do = Ayg04-+ + + » (9) 
bs = + + + 


In this notation the general inequality which we wish to build from the 
given inequalities (7) is 
(bi bed by n3 J=J). (10) 
In this field, J=J, the given inequalities (7), with grouping of coefficients in 
accordance with (9), reduce to four distinct inequalities B,, B,, B,, B,, 
tabulated by means of the coefficients b,, b,, b;, as follows: 


b, bs 
B, , 1+uu uti 0 : (11) 
3, u 0 1+uutut+u 0 
By 0 0 


To build the general inequality (10), as the sum of positive or zero mul- 
tiples of the fundamental] inequalities (11), it is evident that the multipliers 
must be expressed in terms of the coefficients b,, b,, and b;. First, then, we 
determine certain necessary conditions involving b,, b, and b,, which are 
certain expressions in b,, b,, b; found to be necessarily positive or zero numbers. 
By suitable choice of certain of these expressions we build (10) as a sum of 
positive or zero multiples of the inequalities (11). 

For the determination of necessary conditions on b,, b,, 6; we need only 
to use a binary operator, and use for & and y the vectors (z,, 7) and (y;, yz). 
In this binary algebraic case, the linearity of J demands that Jéy have the 


form 


Therefore, the binary operator may be written 
Jor Joe 
which effects the ordinary matricial combination with the product &% which is 


And, conversely, this form of J implies the linearity of J. 
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The fact that this operator is hermitian (H)* is expressed in the equality 


+ = + jar + + (2, Loy Yr» Yo); 
for which it is necessary and sufficient that the matrix (j,,) be hermitian, viz., 
(r=1, 2; s=1, 2). 
The property P of J* demands 
For the positiveness of this hermitian form the necessary and sufficient condi- 
Hence the matrix (j,,) is both hermitian and positive. In general, it is true 
that such an operator, binary or n-ary, is hermitian (H) if, and only if, the 
matrix (j,,) is hermitian; and such an operator is positive (P) if, and only if, 
each principal minor is positive or zero. 
0 ) affords, as a special instance of (10), 
J22 
Dy (J11%1%1 + + 
(Ju t+ Joo%eYo) ¢20 ( 
The cases 
23 JS) = Yas Jury Jez) 
= (1, 0; 1, 0; 1, 0), (0,—1; 1, 0; i, (1, 4; 1, —t; 1, i), 
(1,4; 1,6; 1,1), 
where i= V—1, show that we have as necessary conditions: 
With these conditions on the coefficients we are able at once to build the 
general inequality (10) in the field indicated by J =J from the fundamental 


inequalities (11). 
If b,>0, we secure the desired inequality by using 


b, By 4+ (b,+b.) Bs +bsB, 
which is the sum of positive or zero multiples of positive or zero forms, hence 
is positive or zero. If b;<0, we use 
—$ 1 +4(b, +55) Bs, 1+ (61: +6.+63) Bs, 
which is the sum of positive or zero multiples of positive or zero forms, hence 


The binary operator 


Ys (12) 
Hoy Yo) 0 


is positive or zero. 


* Cf. Section 1. 
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$4. The Twelve Inequalities (7) Form a Fundamental Set When & and x 
Are Real. 


Proor. In case £ and y are real we have: 


J uJ 28, 

y=JS J 


(14) 


We shall designate the consequent grouping of coefficients a,,,,, 


Cy = + + + 
Co = + + + » (15) 
Cz = + » 


Cy = + 


The corresponding general inequality which is to be expressed as the sum 
of positive or zero multiples of the fundamental inequalities is 


4+ Cod 13 + 13D 24 + Co 1) = 0 (EP (16) 


With & and » real, the given inequalities (7), with grouping of coefficients in 
accordance with (15), reduce to three distinct inequalities C,, C,, C,;, tabulated 
by means of their coefficients c,, ¢,, C3, c, a8 follows: 


Cy Ce Cs Cy 
Cy, u+u 0 0 (17) 


The multipliers in terms of ¢,, ¢,, ¢s, ¢, with which to build the general 
inequality (16), as a sum of positive or zero multiples of known inequalities 
(17) are to be chosen from necessary conditions involving the coefficients 
C1, Cg, Cg, C,. Again, it is possible to determine the necessary conditions by 
use of a binary operator; but in order to secure sufficient conditions, « more 
general binary operator must be used than served for the situation J=J. We 
use j;, pure imaginary (J) and have 


( ju 
Jez 


22 


iif 
| 
| 
| | 
| 

| 

| 

| 

= | 

iG 

| 
| 
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The inequality (16) becomes, for this special case, 


+ C4} + Jaz + J 2 9 


By making suitable choice of the variables and elements of the matrix J , we 
secure the necessary conditions. In this instance it is convenient to use the 
most general matrix whose determinant is zero. Such a matrix is 


where j,=etj, and e*. (19) 
In this work we need frequently to remember that 
me?+2ne+p>0 (e”) (20) 
implies 
m*, n®, p®, m20, p20, (21) 


The cases (21, Yr) Y23 Jay Joa) 
=5(1,0; 1,0; 1,0, 1), (4,0; 0,1; 1,4,1), (1,1; 1,—1; 1,0, 1) 


give as necessary conditions 


0, 20, | 


hence, (22) 
(c,+¢,)*20, (c3+¢,)*, cf, cf. J 
The case Yrs Yo3 Jon) = (1,0; 1,1; 1, —e’t, e”) gives the 
inequality 


(Cg—C,) + (Cy +0. +03+¢,) 20 (e’*) 


which, by (21), ensures the conditions 
(Cs—C,)', .°.Cg=C,, and (23) 
With the conditions expressed in (22) and (23) it is possible to build the 
general inequality (16) in this field (£*; 7”), from the fundamental inequali- 


ties (17). 
If c.>0, we may build first for the case c,=0, using the consequent 


condition: 
c&—4c,c, > 0. 


The desired inequality is given by 


i j 
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If c, £0 it follows from (22) that c,>0, and we may obtain the desired 
inequality by adding c,C, , to the inequality (24) already built. 
If c,.=0 the necessary conditions (22) and (23) reduce to 
(4,20, ci—4e,c,>0. 
Hence, the desired inequality may be expressed as 
If c,<0 and c,+c, $0, we use 
If c,+c¢,=0, it follows that c,=c,=0. Hence, we secure the desired inequality i 
| 


by using $¢,C, _,. 
Parr II. 
§5. Definition of Polarizable Inequality. ! 
The inequality 


(12) 


dine] ig] Z 0 7 

ij 

is said to be polarizable if it is true that 
(12) | 


It will be shown in this part of the paper that the first eight inequalities 
of (7) are polarizable, while the last four are not polarizable, even for the 
case J=J, or for the case £ and y real. Also, it will be shown that these eight 
polarizable inequalities (4’) and (5’) form a fundamental set of polarizable 
inequalities (1°) when J=J, and (2°) when & and 7 are real. 


§6. Proof of the Polarized Forms. 
In § 2 we have 
(Ent+unk) (En+unE)20 (E53 J”). 
We may equally well have 
um) (En+ung)20 (E503 J”). 
The sum of these two inequalities is , 
{ (1+ uit) + (W+%) ite) | 2 0 
(E34; u"3 J”). (26) 
This is the polarized form of (4). Similarly, by using J J” and J” J’ we obtain 
the polarized form of (5). Transformations* on & and y afford the polarized 


* Cf. Section 2. { 


i] 
. 
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forms of the remaining six inequalities of (4’) and (5’). It will be seen from 
conditions (30) and (34) that the inequalities (6’) are not polarizable even 
when J is self-transpose or £ and y are real. 


§7. The Eight Polarizable Inequalities (4’) and (5’) Form a Fundamental 
Set of Polarizable Inequalities When J=J. 


Proor. Since J’=J’ and J”=J”, and the operand is £éyy, it follows that 


The corresponding grouping of coefficients a;,,; is 


By034 + + + + Boggy + » — 40g + + » 


which have already been defined (9) as b,, b,, bs, respectively. 
The general inequality which we wish to build from the eight given 


inequalities (4’) and (5’) is 
However, since this inequality is polarizable, it must be true that 


F (27) 


Using the operators 
0 0 
J'= and ( 11 
0 Jee 0 Joo 
we have as a special instance of (28), 
+ + (9110121 + 


The cases (2, Yrs Yo; Jee ’ Jos 
= (1,0; 1,0; 1,0; 1,90), (1, t; 1, —+ 
1, 4; 0,1; 1,9), (— 1; 


{ 
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show that we have as necessary conditions | 

b,+b,+b;20, b,+b,—b;20, b,—b,+b320, b,—b,—b320. (30) 

Since all polarizable inequalities for the field J=J must satisfy condition 
(30), and since neither B, , nor B, , of (11) satisfies the last condition of (30), 
it is now seen, as was suggested in § 5, that neither B, , nor B, , is polarizable. 

_ It follows that the inequalities (6’) from which B, , and B, , were obtained do 

not satisfy the definition of polarizable inequality, as that definition demands 
that the polarized form be positive or zero for all J“”’, of which we have 
J =J™? as an instance. 

The eight inequalities (4’) and (5’) which were proved polarizable, reduce 
to two when J=J, designated as B,, and B, , under (11). 

The desired inequality (10) is shown to be the sum of positive or zero 
multiples of the fundamental polarizable inequalities B, , and B,, as follows: 

When b,>0 and b,#b,, the desired inequality has the form 


where 
d, =b,—b,+ (b,—b,)*—b5 


When b;<0 and b,+b; #0, the desired inequality has the form 


—$ 3B, 
where 
d,=b,+b,+ 
When we use $b,B,,, since b,=0. When b,=—b;, we use 
_,, since b,=0. 


§8. The Eight Polarizable Inequalities (4’) and (5’) Form a Fundamental 
Set When & and y Are Real. 


Proor. In this instance (£*, 7”) 


34 1 = io, 


13 = 09 =J ads 24) 


(31) 


_ The corresponding grouping of coefficients is that indicated in (15). Hence 
the inequality (16) is the general inequality which is to be expressed as the 


| 

| 

| 

| 

{ 

i 
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sum of positive or zero multiples of the known polarizable inequalities, C,_, 
and C, ,, to which (4’) and (5’) reduce when & and y are real. The positive 
or zero multipliers will be chosen from necessary conditions on ¢,, C2, C3, Cy. 
The conditions (22) and (23), which must be satisfied by the coefficients 
of all inequalities (16) must necessarily be satisfied by the coefficients of the 
polarizable inequality (16). In addition to these conditions (22) and (23), 
necessary conditions are obtained by using the fact that the inequality (16) is 
polarizable; 1. e. 
10, (Jie J 2) + C2 (Sig sedis) (Sie + J ois) 


Joo —Jis 


where 7}, and 7}, are pure imaginary, gives as a special case of (32): 


The use of 


+2644 + hie 20 


The special values 
= (1,0; 0,1; 1, 4,1; 1, —1, (4,3; i, —1; 0, 0,1; 1, 0, 0) 
give the necessary conditions 


whence (34) 


0. 


Again, it is convenient to use, for J, a matrix whose determinant is zero. 


J2J1 Jade 


| 
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where j,=e'4j,; and j,/=e'%j;' with e’ and e” real. Then (33) becomes a 
quadratic in e’ and also ine”. As an instance we set 
(21, Yo; jie, Ins jos) =(1,1;1, —1; 1, —e’s, 1, —e"t, 
and (33) gives the quadratic expression P(e’, e’’) in e’ and e” which must be 
positive or zero for every real e’ and e”, and for which, therefore, the dis- 
criminant must be positive or zero. 
P(e’, =2c,(1+e”) (1+e’”) 
+ (1+2e%i—e”) (1—2e”i—e’”) 
+ (1—2e’i—e””) (1+2e”i—e’”) +20 (e, e’*). 
+2¢,(1+2e’i—e”) (1+2e”i—e’”) 
+ 2¢,(1—2e’i—e’””) 
The discriminant of P(e’, 0) gives the condition 


Ci— + (Cs—C,)* 20; 
the discriminant of P(e’, 1) gives 


Ci— + (cs—c,)?20, 


whence 
2 0, 
and, thus, 
c+ c3—4e,c,>0. (35) 


The discriminant of P(e’ e’’) as to e” is a homogeneous quadratic expression 
in (1—e”, 2e’), and since for e’ real, even between the values —1 and +1, 
2e’/(1—e’”) takes every real value, the discriminant of this homogeneous 
expression must be positive or zero. Hence, we have the condition 
2 0, 
and, therefore, by virtue of (35) 
ci+c;—4e,c, > +2c,¢, 


or (¢,+¢,)’—4c,¢,2 0. (36) 


It can be seen from (34) that C, , of (17) is not polarizable. By use of (22), 
(23), (34) and (36) we build all polarizable inequalities in this field (&"; 7*) 
as the sum of positive or zero multiples of the polarizable inequalities C, , and 
C,,, of (17) in the following ways: 

If c,>0 and c, + c¢,, the desired inequality may be expressed as 


4 1+4,C2, 5 
where 


d,=4[c,—e,+ | 


| 

| 

| 

| 

| 
| 
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If c.<0 and c,+c, $0, the desired inequality has the form 


—4 at 9 
where 


If c,>0 and c,=c,, it follows from (36) that c;=c,=0, and we may 


express the inequality as bac... 


If c,<0 and ¢,+¢,=0, it follows from (36) that c,=c,=0, and we may 


use as the desired inequality 160 
21/1, —1° 


Part ITI. 
§9. Bilinear Inequalities. 
Somewhat related to the preceding problem is that of determining all 
bilinear inequalities of the form 


(24) 
2 Zin 20 J”). 
ij 

It is the purpose of this portion of the paper to exhibit sixteen such inequali- 


ties and prove that they form a fundamental set of bilinear inequalities for 


the cases (1°)J=J and (2°) & and » real functions. 
We have, in § 2, as a special instance of the theorem proved by E. H. 


Moore, the inequality 
(En+unE)20 (Es nj J”), 
which is also written 
By using J’ instead of J’, J” instead of J”, and J’ and J” instead of J’ and J” 


we have also 
gt Ud 14) 0g + US + UUT EENNZO (E51; J’; J”), 
Ud 03+ Ud + UUd EEnN ZO (E53 J”). 


Four more inequalities may be written by interchange of’ J’ and J”, the eight 
being Z,,, to Z, ,, inclusive, tabulated according to their coefficients 2,,, in (37). 
By replacing & by & the inequalities Zo,uy ++++) 16,4 Of (37) are obtained from 
inequalities Z,,, ...-, Zs,u- 


4 
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| | | M1842 | P1428 | | P2341 | | M241 | | | | sere | | | | | | | | | Morse | | 
Zz. 
Zou 
uw lua} 0] 0 
0 | uu 
4] 0 0] 0 
Zs.) 


§10. The Sixteen Inequalities (37) Form a Fundamental Set of Bilinear 
Inequalities When J'=J' and J”=J". 
Proor. In this field, J’=J’ and J”=J”, equations (27) are valid, and 
they indicate the new coefficients, 
= 24034 + 21243 + y = 21324 1 + + » 
Wg = 24493 + 21432 + Saige » Wa = + + » (38) 
Ws = 20431 + 24091 + 22413 + 24013» We = 3421 + 4901 + + » 
Accordingly the general inequality which we desire to build is 
+ Wo 94 + Wed 93 + Wd + Wed + Weed 01) 70 
The known inequalities from which (39) is to be built in this field, J’=J’ and 
J”’=J", are the four inequalities to which (37) reduce on account of (38), 
and are tabulated in (40) according to their coefficients w,, ...., We. 


W 1 We W3 W 4 Ww 5 We 


0 0 uu 

wu} 0 u u 0 1 
1 0 uu 

ua | % 0 0 1 


23 


(37) 


| 
} 
| 
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As before, it is possible to secure the necessary conditions from the form 
corresponding to binary operators. Use of 


0 0 
Jos Joe 


gives as an instance of (39): 
Wy + (IY | 
+ W3 + + Yo (41) 
+ (In: + (931% + ) J 


IV 


The cases” (4, Yr» Jiry Joes Joa) 

(1,9; 0, 1; 0,13 1,9) 
give as necessary conditions, 
w,2>0, w,.20. (42) 
The case %23 Yr) Joes Joe) = (1, +th,; 1, ike; 0,1; 1, 0), 
where k, and k, are real, gives as a special case of (41), 


(Wy + We) (Ki + ws) 
(hy, hy). (48) 


In (43) the values (k,, k.) =(1, 0), (0, 1) give the necessary conditions 


Hence, from (42) and (44), 
(we+ws)", (wst+u,)*, 

while from (43) it is now seen that w,—w; is pure imaginary, and, therefore, 

(45) 
Similarly, the case 

Yr» Yos Joo) = (1, 1, k,+1k,; 0,1; 1, 0) 
yields the conditions 
Wy + We—Wz—W, + 


whence 
W,—W, (46) 


The case (21, %23 Yr» Yes Joes Joa) = (1, ky + 1,1, + 0,1; 1, 0), 
where k,, k,, 1,, 1, are real, gives as an instance of (41), 


i 
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Weli +1, Ws) ky +4 (Ww, + keg} 
+ Welz +1, } — + Ws) keg} (47) 
Inequality (47) shows that w,=0 demands: 


(48) 


For if not, suppose any one of (48) is not zero, say 
$0. 
Then by taking (k,, k,, 1,)=(1, 0, 0) we have, 
(if), 


which obviously is not true. Similarly, the other equations of (48) are proved 
when w,=0. Also, equations (48) follow when w,=0. Hence, 


w,=0 or demands (49) 


Thus for the remaining cases we may suppose w, $0 and w.0 and omit w, 
or w, as a factor in any expression which is positive or zero, each of whose 
terms contains as factor one or more of the coefficients w., ...., Ws, OF W,Ws. 

When /,=0, (47) becomes a quadratic in /,, whose discriminant is a 


quadratic in k, and k,, viz.: 


The discriminant of this quadratic in k, and k, gives the condition 
which by (49) gives as a condition always holding 
+ 2 0. (50) 


Similarly, /,—0 reduces (47) to a quadratic in J, whose discriminant is a quad- 
ratic in k, and k,, which gives the necessary condition 


W We— Ws) 0. (51) 


Conditions (50) and (51) combine to give 


WW; = 9, 
whence W We + 2 O, 


and W1We— + WW; 2 9. | 


(52) 


i 
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The discriminant for (47) as a quadratic in 1, is a quadratic in l,, viz.: 
4 +4 wel, {i ky — + Ws) keg | 
+ {4wywe— (Wy + Ws) >0 
+ {4wywet (Ww. + 
whose discriminant, aside from a factor 16w%, reduces to 


| WyWe— Ws) {wyWet (wW2—W,) (W3—Ws) >0 kB) 


Hence, 
{| WyWe— Ws) | (Ws—Ws) | + 2 0, 
or — 0. (53) 
Apart from exceptional cases, we have the desired general inequality 
(39) in the form 


dy ds 
W,, 2wew,/d, + 2w, W, 2w; 


where 
dy = WyWe— + WeW,+ | | *, 


WyWet+ | (WyWe—W,W3— WzW,)?—4 
The exceptional cases in which the above method will not be permissible are: 
(a) When w,w.+w,w;—w,w,=0; (b) when w,w,—w.w,+w,w,=—0; (c) when 
(d) when w,=0; (e) when w,=0. 
In case w,w,+w,w;—w,w,=0 it follows that 

W,=W;=0, 

and the desired inequality is 
WW, w/w, 

Similarly, w,w,—w,w;+w,w,=0 demands 

W3=W,=0, 


and the desired inequality is 


WoW 4, 
In case ww,—w,w;—w;u,=0, it is seen by (53) that 
w,=w;=0 or w,=w,=0. 
In case w,=w;=0, the desired inequality is 
WW, 
In case w;=w,=0, the desired inequality is 


WeW W;/We 


4 
* 
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When w,=0 or w,=0, we have w,=w,=w,=w;=0, by (49), hence the 
desired inequality is o-+ 


$11. The Sixteen Bilinear Inequalities (37) Form a Fundamental Set 
When & and y Are Real. 
Proor. Equations (31) which are valid in this case (£*; y*) indicate the 
coefficients, 
V1 = + 21043 + = 21324 + + + | 
Vs = 2342 + 21432 + 20341 + V4 = 24213 + + (54) 
Us = + 24031 + 24132 + = + 24901 + + 


The general inequality desired is 
(VS 94 + Ved ig) 94 + + Va 94 + Ved + Vel 32) 2 0 
When £ and » are real, the given inequalities (37) reduce, in accordance with 
(54), to four inequalities (56). 


V, | Ve | Vs | Ug | | Ve 


1 | OF] uw (56) 


Binary operators give necessary and sufficient conditions on v,, ...., UV. 


Jon Jor 


give, as an instance of (55), 


+ V2 | + J + Jor + Joo 20 
+ + + ju20 Jon 2 0 (57) 
+ + + Jn = 
19 t+ + + | i201 2 


Wits 
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The cases (21, Yi, Y23 Ju» Jars Joo) = (1, 0; 0,1; 1, 0,0; 0,0, 1), 
(0,1; 1,0; 1,0,0;0,0,1), (1,0; 1,0; 1,0,0; 1,0,0), (1,0; 0,1;1,2,1;1,%,1), 
(1,0; 0,1; 1,7,1; 1, —7,1), (1,1;1, —1;0,0,1;1,0,0), give as necessary 
conditions 
v,20, v.20, 
VA Ug +620, ZO, (58) 
20, U5 + U6 2, 
whence 
(Y2+U5)", 
The cases (0,1; 1, 0; 1, e’, 1, e”, (1,0; 0,1; 1, e’, e%; 1, 
(0,1; 1,0; 1, 1, e”’, e’”), (1,0;0,1; 1, e?; 1, —e”i, give 
the four quadratic forms 
+ 
vie"? + v,e” =0, | 
12 ry 2 (59) 
+ (Us e’e” + 20, 
whose discriminants give the necessary conditions, 
(Vo + +05)? 20, 4006+ (V3 (60 
From (59) it is seen also that v.—v; and v;—v, are pure imaginary, which 
with (58) gives the conditions, 
(61) 
Using the values 
(X15 X23 Yr} In» diss Joa) = (1,1; —1, 1; 0, 0, 1;1, —e', 
the inequality (57) becomes 
whence, since the discriminant of this quadratic in e” must be positive or zero, 
—4 (V2 (Vg +5) 2 0. (62) 
The values (1,1; —1, 1; 1, —e’t, e”; 1, —e’%, e’”) give: 
| ve? — 2 (V1 + U5) 
| —2(v,—vs—v,+ U5) e’ + -20 (e'*, e’’*), 
+} (1+ U5) + Us) J 


whose discriminant may be written as a homogeneous quadratic expression in 
(1—e”, 2e’). Since for e’ real, even between the values —1, and +1, 


7 
i 
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2e’/(1—e”) takes every real value, the coefficient of 4e’”? and the discriminant 
of this homogeneous quadratic expression must be positive or zero. Hence, 


20, ] 63 
| (V+ 5)? —4 2 0. 
From (62) and (63) it follows that 
(V1 + —4 Vgv,) 2 0, 
whence 
and (64) 
2 
and by (58) 
+2 
The second condition of (63) can be written 
+ v¢6)?—4 304) +06)? 2 0, 
and hence by (64), 
U5)’ —4 2 £4 (01 +p) 
and 
Uy + + 2 2 40005, 
giving, by (64), 


In building the general inequality (55) as the sum of positive or zero 
multiples of the fundamental inequalities (56), it is desirable first to build 
those for which v,=v,=3(v,+¥.,) #0. For such, aside from exceptional cases, 
the general inequality has the form 

where 

When v,+v.—2(v,v,)'=0, it follows from (65) that v,=v,;=0, hence the 

desired inequality may be expressed as 
t (V4 + V6) (Vi, 2u4/ (v1 Vs, (v1 ) 

In ease v, # v,, the desired inequality is secured by adding to that already 

built 
Vio OF 5,0, 
according as v, is greater than or less than v,. 

If v,=0, or v,=0, then, by (60), v.=v3=v,=v;=0, hence the desired 

inequality has the form 


ot vel 3.0° 
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| All portions of this paper which refer.to £*, 7”; namely, § 4, § 8, and §11, 
are valid for £ and y pure imaginary, as an inequality for & and y pure imag- 
inary reduces at once to the same inequality for & and x real. 

On the three corresponding larger problems, retaining general operator 
and general operand, the writer has made considerable progress. In each case 
the nature of the coefiicients a,;,, and 2;,, has been determined, and many neces- 
sary conditions on the coefficients have been secured, by use of binary, ternary, 
quaternary and quinary operators. As to the nature of the coefficients it has 
been found that in the problems corresponding to those of Part I and Part II, 


29, 2 0, Ager 2 0, 
R R R R 
Ay349 » Ay432 » 


while in the problem on bilinear forms, 


210342 0, 21043 2 0, 2341 0, 2s = 0, 


23419 > 0, 24312 > 0, — 0, 0, 


21394 ©4031» ©1342 — ©1423 ©3241» ©1432 S214» 
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A Trigonometrical Sum and the Gibbs’ Phenomenon 
in Fourier’s Series.” 


By H. S. Carsiaw. 


§1. If f(x) is a function which can be expanded in a Fourier’s Series 
in the interval 0<2%<2z2, with a discontinuity at =a such that f(a—0) and 
f(a+0) exist, the sum of the Fourier’s Series for z=a is ${f(a+0)+f(a—0)}. 

Denoting by S,,(x) the sum of the terms up to and including those in sin nz 
and cos nz, the curves y=S,(%) are usually spoken of as the approximation 
curves for the series. Up till 1899 it was believed that each approximation 
curve, for large values of n, passes at a steep gradient from a point near 
(a, f(a—0)) to a point near (a, $(f(a+0)+/(a—0)), and then on to a point 
near (a, f(a+0)), afterwards oscillating about the curve y=f (zx) till another 
discontinuity of f(x) is met. 

In 1899 J. Willard Gibbs pointed out} that the approximation curves for 
the sine series 

do not behave in this way. 

In the interval 0<xv<2z, the sum of this series is f(x), where f(x) is 
defined as follows: 

f(0) =f(2%) =0, 
f(z) =a, 0<a<a, 
=a—2n, 


Gibbs stated in effect that the curve y=S,,(x) for this series, for large values of n, 


rises just before x= to a point very nearly at a height 2 f ’ — dx above the 
0 


axis of 2, passes from that point through (2,0) at a steep gradient to a point 
very nearly at the same distance 2 f = dx below the axis, while in the rest 
0 


of the interval 0 << 27 it oscillates above and below the curve y=f(z). 


* Communicated to the American, Mathematical Society, October, 1915. 
+ Nature, Vol. LIX (1899), p. 606. 


24 


? 
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His statement was not accompanied by any proof. Though the remainder 
of the correspondence, of which his letter formed a part, attracted no little 
attention, this remarkable observation remained practically unnoticed for 
several years. In 1906 Bocher returned to the subject in a memoir on 
Fourier’s Series,* and extended Gibbs’ results in two directions. 

First of all he discussed the series 


which, in the interval 0<2<2z, represents the function f(a) defined as follows: 


f(0) =f (27) =0, } 
f (2%) 


He showed that the approximation curve 


in the interval 0<a%<2z, and for large values of n, takes the form of a wavy 
curve which keeps crossing and recrossing the line y=4(m—2z) and reaches 


its greatest distance from that line (distances being measured parallel to the 
2rn 


axis of y) at the points %,, %,...., Yen, Where x, = reg 
Further, these greatest distances in the r-th wave are, for large values 
of n, approximately equal to their limiting values 


sin 
—— dx. 
0 x 


In the second place he showed that the phenomenon in question also 
appears in the Fourier’s Series for a large class of functions. How large this 
class is will appear in the concluding section of this paper. 

In Bocher’s own words:+ If S,(x) denotes the sum of the Fouriér’s 
expansion of f(z), the curve y=S,(a) will, for large values of n, pass in 
almost a vertical] direction through a point whose abscissa is a@ and whose 


ordinate is almost 4/f(a+0)+/f(a—0){. The curve then rises and falls 
abruptly on the two sides of this point to the neighborhood of the curve 


* Annals of Mathematics (2), Vol. VII (1906). See also a recent paper in Crelle’s Journal, Bd. 144 
(1914), entitled “On Gibbs’ Phenomenon.” 

Reference should also be made to Runge’s “Theorie und Praxis der Reihen” (1904), pp. 170-180. 
A certain series is there discussed, and the nature of the jump in the approximation curve described. 
But no reference is made to Gibbs, and the example seems to have been regarded as quite an isolated one. 

¢ Loc. cit., Annals of Mathematics, p. 131. Both Theorems I and IT, p. 131, should be noted. 
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y=f (x), and oscillates about this curve, lying alternately above and below it. 
The highest (or lowest) point of the k-th wave to the right and left of a will, 
for large values of », be approximately at the points 


2kn 


and the height of these waves will be approximately 


f(a+0)—f(a—0) 


k® sin & 
ax) 


(where f 


0 

In the above sentence, a is a value of x at. which f(z) has an ordinary 
discontinuity, and Boécher adds a footnote to the effect that “it must be borne 
in mind that we measure the height of a wave from the curve y=/f(z) in a 
direction parallel to the axis of y.” 


§ 2. In the function studied by Boécher, $(x—z), 


= f (cosa+cos2a+....+cosna)da 
0 


*sin(n+4)a 


The properties of the maxima and minima of S,(2) are not so easy to obtain, 
nor are they so useful in this case as those of 


R, («) =4(a—zx) —S, (2) 


sinda 


It is the maxima and minima of R,(x) with which Bécher deals in his memoir. 
Gronwall has discussed* the somewhat complicated properties of the 
maxima and minima of S,(a2) for this series, and deduced Gibbs’ Phenomenon 
for the first wave, and the general case of Fourier’s Series. 
In this paper I use the series 


* Mathematische Annalen, Bd. LXXII (1912). Some of Gronwall’s results had been published a 
few months earlier by Dunham Jackson in a paper in the Rendiconti di Circolo Matematico di Palermo, 
T. XXXIT (1911). 
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which, in the interval —x<a<2,* represents the function f(x) defined by the 
equations 
f(—x) =f(0) =f (x) =0, 
=32....0<2<%, 


I take S,(z) for the sum of the first » terms of this series, so that 
S,(2)=2 (sina+4 snda+....+ sin (2n—1) x) 


A number of interesting properties of the turning points of y=S,(a) are ob- 
tained by quite simple methods; and all the features of Gibbs’ Phenomenon 
for this series follow immediately from these properties. 

In the concluding article the extension to the general case of Fourier’s 
Series is given; but the method does not differ materially from that of Bocher. 

It is, of course, not an unusual thing that the curves y=S,, (a) for a series, 
whose terms are continuous functions, differ considerably, even for large values 
of n, from the curve y = Lt. (S,(z))=S(a). 

n—>w 


They certainly do so in the neighborhood of a point where S(z), the sum 
of the series, is discontinuous. And they also may do so in the neighborhood 
of a point where S(z) is continuous.t 


ix. (i). if 
we have 


In this case S,(#) has a maximum value : at a=~ . As n gets larger and larger, this summit 
is pushed towards «=—0 but its height remains equal to = 


Ex. (ii). If 


8,(@)= 


1+n'a*’ 
we have 

=0, x > 0. 
In this case S,,(@) has a maximum value =n at c= 5 . Asn gets larger and larger, this summit 
n 


is pushed towards =—0 but its height increases without limit. 


* It is more convenient for my purpose to take the interval —r<a<-a than 0<a@<2-m. This does 


not affect the argument to any extent. 

7 Cf. Osgood, Bulletin of the American Math. Soe. (2), Vol. III (1897), p. 63; AMERICAN JOURNAL 
or MaTHeEmarTics, Vol. XIX (1897), p. 155; Hobson, “Theory of Functions of a Real Variable,” p. 480; 
Bromwich, “Theory of Infinite Series,” p. 110; Carslaw, “Fourier’s Series and Integrals,” Ch. III. 
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The existence of maxima (or minima) of S,(2), the abscisse of which 
tend towards a (a being a value of x for which the sum of the series is dis- 
continuous), while their ordinates remain at a finite distance from S(a+0) 
and S(a—0), as m increases, is the chief feature of the Gibbs’ Phenomenon 
in Fourier’s Series. And it is most remarkable that its occurrence in Fourier’s 
Series remained undiscovered till so recent a date.* 


Tue TrRIGONOMETRICAL SuM 


=2 (sin x+4sin3a+....+ (2n—1) 2) 


§ 3. If we define f(x) by the equations 
f(—n)=f(0)=f(x), 
f(v) 
the Fourier’s Series for f(x) in the interval —u~<a<7 is 


We denote by S,,(x) this sum up to and including the term in sin(2n—1)z. 
Then 


8, (2) =2 +eos(2n—1)a)de= 


sina 


Since S,(x) is an odd function, we need only consider the interval 0<a<1z. 

We proceed to obtain the properties of the maxima and minima of this 
function S,(2). 

I. Since, for any integer m, sin(2m—1) (4a+2’) =sin(2m—1) (4u—2’), 
it follows from the series that S,(x) is symmetrical about x=32, and when 
x=0 and x= tt is zero. 

Il. When 0<a<n, S,(x) ts positive. 

From (I) we need only consider 0<a<izn. We have 


* gsin2na 1 sina 
S,(2) = f ———~da= { da, 
0 sin @ on 


2n 


The denominator in the integrand is positive and continually increases in the 


* Cf. also Weyl: (i) “Die Gibbs’sche Erscheinung in der Theorie der Kugel-Funktionen,” Rend. 
Circ. Mat. d. Palermo, T. XXIX (1910); (ii) “Uber die Gibbs’sehe Erscheinung und verwandte Konver- 
genzphiinomene,” ibid., T. XXX (1910). 


| 
|| 

| 


190 Carstaw: A Trigonometrical Sum and the 


interval of integration. By considering the successive waves in the graph of 


sin a cosec 5 , the last of which may or may not be completed, it is clear that 


the integral is positive. 
Til. The turning points of y=S,(x) are given by 


m 
2n 


We have 


0 s1n a 


y dz sin& 
The result follows at once. 

IV. As we proceed from x=0 to x=3n, the heights of the maxima 
continually diminish, and the heights of the minima continually increase, 
n being kept fixed. 

Consider two consecutive maxima in the interval 0<a<3za, namely, 


S, (- =— n) and S, Gare n) , m being a positive integer less than or equal 


We have 


2m—1 2m+1 ‘1 gin 
= sin da 


2n 


1 sin a Get)? gin 
— da f da 
Qm-1)r 4 + a 


sin — sin — 
2n 2n 


The denominator in both integrands is positive and it continually increases in 
the interval (2m—1)a<a<(2m-+1)z; also the numerator in the first is con- 
tinually negative and in the second continually positive; the absolute values 
for elements at equal distances from (2m—1)z and 2mz being the same. 
Thus the result follows. Similarly for the minima, we have to examine 


the sign of 
n n 


where m is a positive integer less than or equal to 3». 
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V. The first maximum to the right of x=0 is at a= = and its height 


continually diminishes as n increases. When n tends to infinity, its limit ts 


gin x 
f dx. 
& 


= da=— { sin a coset da, 
sina 2n Jo 


We have 


and 


n n es 1 a 1 a 
S,, (x) (55) sin (5, cosec cosec da 


Since a/sin « continually increases from 1 to «, as a passes from 0 to a, 
it is clear that in the interval with which we have to deal 


2n 2n 2n+2 2n+2 2 
n 
Thus > 0. 


But, from (I), S,,(”) is positive when 0<a2<x. 


It follows that S, (#) tends to a limit as tends to infinity. 


The value of this limit can be obtained by the method used by Bocher for 


the integral f . = a. *da.* But it is readily obtained from the definition 
0 2 


of the Definite Integral as the limit of a sum. 
For we have 


~(%\(20 . , 2n 2n—1 


(2n—1)a 2n 
2n on n 
(= mh i) mh 
Therefore 


* Loc. cit., Annals of Mathematics, p. 124. Also Hobson, loc. cit., p. 649, 
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VI. The result obtained in (V) for the first wave is a special case of the 


following: 


The r-th maximum to the right of x=0 is at %,_, le and its height 


continually diminishes as n increases, r being kept constant. When n tends to 
@r-D® gin & 


infinity, tts limit ts f dx, which is greater than 3x. 


0 
The r-th minimum to the right of x=0 is at x, = ~ n, and its height con- 


tinually increases as n increases, r being kept constant. When n tends to 


sin & 
dx, which is less than $x. 


infinity, its limit is af 


0 
To prove these theorems we consider first the integral 


f sin (5. cosec — cosec da 
0 Qn 2n+2 In+2 
m being a positive integer less than or equal to 2n—1, so that 0< 5 <7 


in the interval] of integration. 
Then 


1 1 
in this interval. (Cf. (V)). 
Further, 


(2n+2)?~ 2n+2 2n+2 (2n)? 2n 


= cos @ cosec’ — cosy cosec’ 


where g=a/(2n+2) and y=a/2n. 
But 


cos cosec’ p) = —¢ cosec* [p(1 + cos¢)’?+ 2 coso(PFsin*g). 


And the right-hand side of the equation will be seen to be negative, choosing 
the upper signs for 0<@<42 and the lower for }a<o<x. 

Therefore ¢* cos } cosec’ } diminishes as ¢ increases from 0 to z. 

It follows, from the expression for F’(a), that F’(a)>0, and F(a) 
increases with « in the interval of integration. 


it 

| 
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The curve 


= sin (5 cosee 


thus consists of a succession of waves of length a, alternately above and below 
the axis, and the absolute values of the ordinates at points at the same distance 
from the beginning of each wave continually increase. 


It follows that, when m is equal to 2,4, ...., 2(m—1), the integral 
sin (5 cosec — — cosec da 
0 2n 2n+2 2n+2 
is negative; and, when m is equal to 1,3, ...., 2n—1, this integral is positive. 


Returning to the maxima and minima, we have, for the r-th maximum to 


the right of x=—0, 
2r-l, sin 2 na 


Sq (Loa) = f 


0 sin a 
= sim (5, cosec cosec A. 


Therefore from the above argument, S,, (2,1) 
Also for the r-th minimum to the right of z=0, we have 


da — 


rsin2(n+1)a 


2(n+1) 


(er) (Xe,) =f sin cosec — — cosec 5) da, 


2n 
and S,, (Woy) Sn41 
By an argument similar to that at the close of (V) we have 


sin 
Lt. = * 


It is clear that these limiting values are all greater than 47 for the maxima, 
and positive and less than $7 for the minima. 


THe Gisps’ PHENOMENON FOR THE SERIES 
§4. From the Theorems (I)—(VI) of §3 all the features of the Gibbs’ 
Phenomenon for the series 


follow immediately. 


daz, see Bécher, loc. cit., Annals of Mathematics, p. 129. 


* For the values of f 


25 


0 


— 
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It is obvious that we need only examine the interval 0<a<z, and that 
the discontinuity occurs at ~=0. 
For large values of », the curve 


where S,(z) = 2(sinz-+4 sin3a+.... — sin(2n—1)<), rises at a steep 
gradient from the origin to its first maximum, which is very near, but above, 
the point (0, f 


without reaching the axis of x {§ 3, II}, to its first minimum, which is very 
2" sin 


™ sin x 


de) {§8,V{. The curve, then, falls at a steep gradient, 


near, but below, the point (0, 4 az) {§3, VI{. It then oscillates above 
0 


and below the line y=}z, the heights (and depths) of the waves continually 
diminishing as we proceed from x=0 to xz=32 }§3,1V!; and from w=in 
to x=a, the procedure is reversed, the curve in the interval 0<a<™m being 
symmetrical about =i }§ 3, I}. 

The highest (or lowest) point of the r-th wave to the right of z=0 will, 


for large values of n, be at a point whose abscissa is on {§ 3, III} and whose 


™ sin 


dx §§ 3, VI}. 


By increasing the curve for 0<#<z can be brought as close as we please 
to the lines 


ordinate is very nearly - 
0 


0<y< an, 
y= 9” 


L=A, 0<y¥< ae. 


We may state these results more definitely as follows: 
(i) If eis any positive number, as small as we please, there is a positive 
integer such that 
|a—S,(x)|<e for n>’, 


This follows from the uniform convergence of the Fourier’s Series for f(z) in 


an interval which does not include a discontinuity of f(z). 
(ii) Since the height of the first maximum to the right of z=0 tends 


ih 
| 

| 

| 

y=S,(2), 
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™ sin & 


from above to f dx as n tends to infinity, there is a positive integer v” 


such that 


0<s,(%) for n=”, 


(iii) Let »’” be the integer next greater than — Then the abscissa of 


the first maximum to the right of s=0, for n2»’”, is less than e. 

It follows from (i), (ii) and (iii) that, if » is the greatest of the positive 
integers v’, and the curve y=S,(x), for n2¥v, behaves as follows: 

It rises at a steep gradient from the origin to its first maximum, which is 


above if “ae dx and within the rectangle 
™ sin 
O<aK<e, 0<yK< de+e. 
After leaving this rectangle, in which there may be many oscillations about 
y=4n, it remains within the rectangle e<u<n—e, $n—e<y<jate. 


Finally, it enters the rectangle 
m—e<a<n, 0<y< f 
0 


dx+e, 
x 


and the procedure in the first region is repeated. * 


Tue Gipss’ PHENOMENON FOR THE FourrerR’s SERIES IN GENERAL. 


§5. Let f(#) be a function with an ordinary discontinuity when x=a, 
which can be expanded in a Fourier’s Series in the interval —a<a<7x. 

Denote as usual by f(a+0) and f(a—0), the values towards which f(z) 
tends as x approaches a from above or below. It will be convenient to con- 
sider f(a+0) as greater than f(a—0) in the description of the curve, but this 
restriction is in no way necessary. 


Let = sin (2r—1)(x—a). Then 


1 (2r—1) 
o(x—a)= when a<xv<n-+a, 
=— $m, when 


o(+0)= 4, o(—0)=—4”, 
9(0)= 0 and | 


* The cosine series 
4 3 5 


which represents 0 in the interval 0<a@< ; and 5 in the interval $ <@<- can be treated in the same 


way as the series discussed in this article. 


= 
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Now put 
=f (a+ 0) +f(a—0) |— = }f(a+0) —F(a—0) 


and let f(x), for x=a, be defined as $}f(a+0) +f(a—0) }. 
Then ¥(a+0) =y(a—0) (a) =0, and is continuous at 
The following distinct steps in the argument are numbered for the sake 


of clearness: 
(i) Since is continuous at and (a)=0, if is a positive 
number, as small as we please, a number 6 exists such that 


|p (x) | for |x—a| <6. 


If 6 is not originally less than e, we can choose this part of 6 for our interval. 


(ii) (x) can be expanded in a Fourier’s Series, this series being uni- 
formly convergent in an interval a<w<@ which includes no other discontinuity 
of f(z) and ¢(z—a) than 

Let s, (x), @,(~—a) and o,(x) be the sums of the terms up to and including 
those in sin and cos nz in the Fourier’s Series for f(z), and (za). 
Then ¢ being the positive number of (i), as small as we please, there exists a 
positive integer »’ such that 


—p(x) | for in 


Also 
| < |o,(2)—¥() 


in |w—a| <6, if 
(iii) Now if » is even, the first maximum in ¢,(x—a) to the right of 


a=a is at a+ = and if m is odd, it is at ares In either case there 


exists a positive integer v” such that the height of the first maximum lies 


sin ™ sina NE 
0 


2if(a+0)—f(a—O) } 


(iv) This first maximum will have its abscissa between a and a -+ 6, 


for n2v”". 


between 


0 


provided that = <0. 


Let »’” be the first positive integer which satisfies this inequality. 


j 
| 
| 
| 
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(v) In the interval a+é<a2<, s,(x) converges uniformly to f(z). 
Therefore, there exists a positive integer 7“” such that for n2x“” 


| f(x) —s,(#) | < in this interval. 
Now from the equation defining (2) we have 


=4(f(a-+0) +f(a—0)) + 4.6, (a). 


It follows from (i)—(v) that if v is the first positive integer greater than 
and the curve y=s,(2) in the interval behaves as 
follows: 


When w=a, it passes through a point whose ordinate is within of 


+(f(a+0)+f(a—0)), and ascends at a steep gradient to its first maximum, 
which is at a height within « of 


f(a+0)—f(a—0) 
J dx. 


$}f(a+0)+f(a—0) 


This may be written 


f(a+0)— 


f(a+0)—f(a—0) sin 
da, 


and, from Bocher’s table, referred to in $3, we have 
d2=—0.2811. 


It then oscillates about y=f(z) from x=a to a+¢é, the character of the 
waves being determined by the function $,(z—a), since the term o,(x) only 


adds a quantity less than = to the ordinate. 


And on passing beyond z=a-+4, the curve enters and remains within, the 
strip of width enclosing from c=a+6 to 

On the other side of the point a a similar set of circumstances can be 
established. 


APPENDIX. 


198 Carstaw: A Trigonometrical Sum ete. 


The following diagrams are the approximation curves 


y=S, (2) 


of §3 above, for n=1, 2,3 and 4. They illustrate the results (I-VI) of that 


section. 


Fie. 1, 


Fia, 2. 


Fie. 3. 


SyDNEY, AUSTRALIA, August, 1915. 
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On the Relation between Some Important Notions of 
Projective and Metrical Differential Geometry.” 


By F. M. Morrison. 


I. Inrropvuction. 


In his papers on the “Projective Differential Geometry of Curved Sur- 
faces” + Professor E. J. Wilczynski has shown that the projective differential 
geometry of a surface may be based upon the consideration of a completely 
integrable system of two linear partial differential equations of the second 
order, which may be reduced to what he calls the intermediate form 


Yuut 2ay,+2by,+cy=0, (1) 


Such a system of equations has just four linearly independent solutions, 
y',y",y”,y®. If these be taken as the homogeneous coordinates of a point P, 
in space, as u and v assume all of their values, the point P, will describe a 
surface S, an integral surface of equations (1). This surface will be non- 
degenerate and non-developable, and will have the curves «=const. and v= 
const. as asymptotic lines. The most general integral surface of equations (1) 
is a projective transformation of any particular one, so that the coefficients of 
equations (1), in so far as they are intrinsically connected with the surface 
at all, will involve only its projective properties. But these coefficients also 
depend upon certain accidental elements of the analytic representation of the 
surface. To eliminate these accidental elements the notions of invariants and 
covariants are introduced.{ The projective properties of the surface are then 
expressed by invariant equations or system of equations. Other surfaces and 
other geometrical configurations which have a projective relation to it will be 
given by the covariants. 

The four fundamental semi-covariants of system (1) are 


Y, @=y,+ay, p=y,+b’y, (2) 


* Presented to the American Mathematical Society, San Francisco Section, Seattle, Wash., May, 1914. 
+ Transactions of the American Mathematical Society, Vols. VIII, IX and X. 
¢ Transactions, Vol. VIII, p. 241, et seq. 
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If four linearly independent solutions y’, y”, y®, y® of (1) be put for y in 
the semi-covariants (2), three points P,, P,, P, will be obtained which are 
semi-covariantly connected with the point P,. 

By a properly chosen transformation of the form y=Ay equations (1) 
may be changed into the canonical form 

Yuut 2by,+fy=0, (3) 
The semi-covariants of (1) and (3) are connected with each other by the 
equations y=Ay, 2=AzZ, p=Ap, o=Ao. The semi-covariant points are the same 
for both (1) and (3). These points P,, P,, P,, P, form in general a non- 
degenerate tetrahedron which Professor Wilczynski has systematically used 
as tetrahedron of reference, for the purpose of studying the properties of a 
surface in the neighborhood of any one of its points.* 

If the Cartesian coordinates of the surface are regarded as known, we may 
identify them with y’, y”, y® and make y® equal unity. In the resulting 
system of partial differential equations of form (1) we shall then have 
c=c’=0, and system (1) becomes 

Yuu t 2ay,+2by,=0, (4) 

Let us now consider the familiar Gauss’ equations of the metrical theory 

of surfaces, viz.: 

If D and D” are equal to zero, the curves w=const. and v=const. are asymp- 
totic lines, and we observe that the first and third of these equations are now 
of exactly the same form as equations (4). We can therefore express directly 
the coefficients of equations (4) in terms of the Christoffel symbols occurring 
in (5). We shall then be able to change from the homogeneous coordinate 
system with a semi-covariant tetrahedron of reference to any suitable Cartesian 
system. The coefficients of these transformations will be functions of the 
quantities Z, F, G and D’ and their derivatives with respect to wu and v, 
quantities which are fundamental in the metrical theory of surfaces. 

In this paper we shall determine these transformations and study some 
of the metrical properties of certain geometrical configurations associated 
with a point on a surface, which have been defined and investigated from a 
projective point of view by Professor Wilczynski, but which have not as yet 


(5) 


* Transactions, Vol. IX, p. 79. 
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been studied metrically. We can define by means of these configurations some 
new classes of special points on a surface and some new kinds of surfaces. 
We shall also apply these notions to a well-known special surface, the Minimal 
Surface of Enneper. 


Il. Tue FunpAMENTAL TRANSFORMATIONS OF COORDINATES. 
The integrability conditions of system (4) are 


a, —bi,=0, 
— 20’ (a,,+2b’a,—2ba,—4a’b,) =0, 
b,,, —2bb), —2b’b,— (bi, +2ab),—2a’b,—4ba,) =0. 


We shall assume that they are satisfied, so that (4) has four linearly inde- 
pendent solutions y’, y”, y®, 1, which we shall identify with the Cartesian 
coordinates of a point of a surface. 

Comparing equations (4) and the first and third of equations (5) we have 


the relations 


o=—a{}, v=— aft, p= 6) 


which express the values of the quantities a, b, a’, b’ in terms of the Christoffel 
symbols of the classical theory. 

The homogeneous Cartesian coordinates of the points P,, P,, P, and P, 
are obtained by substituting in order y’, y”, y®, y® =1 in each of the ex- 
pressions (2). The non-homogeneous Cartesian coordinates of each of these 
points are the ratios of the corresponding four homogeneous coordinates con- 
cerned. The values obtained by this method for the Cartesian coordinates of 
the four points P,, P,, P,, P, are given in the following table: 


Po: y+ /R, y” +(b' yy +Yw)/R, 
y® + (b'y® +ay? +y2)/R, 
where 
R=3(a,+6,+2a0’). 

In speaking of y’, y”, y® as the Cartesian coordinates of a point of the 
surface, we imply that some Cartesian system of coordinates, fixed in space, 
has been chosen as system of reference. Referred to this fixed Cartesian sys- 
tem, let the coordinates of a general point P of space be E, n, and let the 
coordinates of the same point with reference to the semi-covariant surface 


26 


| 
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tetrahedron P,, P,, P,, P, be %, %,%,%,. Then the relations between the 
two sets of coordinates of the point P are* 


ok = tay’) +24 yi. tay.t+Ry’'), 
ay = tay”) +b'y") +24 + Ry”), (7) 
af = +2, (yP +ay™) +b’ +ay?+Ry®), 

= J 


where we have written these relations in homogeneous form by introducing a 


factor of proportionality, o. 
The determinant of the right members of equations (7), which will be 


designated by A, is different from zero for any non-developable surface. As 


we shall see presently, it is equal to —HD’ (see equations (10)). 
Let us write y’=4, y”=y, y®=z in agreement with the usual notation 


for the Cartesian coordinates of a point. Then equations (7) become 


ON = ay) +O'Y) + t+ ayy t By), (8) 
= +4 (2, +02) +45 (2, + + 24 +b’ 2, | 

@ = + 2,R. 


If there be substituted in equations (8) the values of 2,,, Yu») 2, a8 given 
by the second Gauss equation 


Guy = x,+D' X, 


which holds also if y, 2 and Y, Z be substituted for x and X, respectively, 
these equations become 
ok = +4 
+a,[ (b’—2c)x,+ 
ON = ay) +43 (y,+b'y) 


+%,[ (b'—2c)y,+ (9) 
Of = +4, (2,+5'2) 
+a,[ (b’—2c)z,+ 
= 
where 
o=— I, A=—HD’, (10) 


* Transactions, Vol. IX, p. 80. 
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and where X, Y, Z,H are the quantities usually denoted by these letters 
in the metrical theory of surfaces, 
Solving equations (9) for %, %, %,, we find 


(E—2) 
+ |SH?Y+D'| (aG—b’F) y,— (aF —b’E) y,] (n—y) 
+ (aG—b’F)z,—(aF—b'E) z,]| —H’°D’, 
}(b’—2c)H*X—D' (Gu,—Fx,) (E—a) 
(b’—2¢) —D' (Gy,—Fy,) (n—y) 
+} (Gz,—Fz,) } (¢—2), 
}(a—2d)H?X+D' (Fx,—Ex,) (E—2) 
+} (n—y) 
+} (a—2d)H?Z+D' (Fz,—Ez,) | (¢—e), 
wa, = —H*?X (E—x) —H*Y (4—y) (f—2), 


> (11) 


where we have put 
S = 4(a,+b,—2ab’) +2(act+bd). 


In equations (9) and (11) we have transformations of the kind desired 
for the purposes of this paper, but we shall find it of advantage to make use 
also of the moving Cartesian system made up of the surface normal and the 
lines of curvature tangents of a general point on the surface. We shall speak 
of this system of coordinate axes as the surface trihedral. 

The direction cosines of the tangents to the asymptotic curves v=const. 
and w=const. are 


a,/VE, y,/ VE, z,/VE and VG, y,/ V4, z,/ VG, 


respectively. Therefore, the direction cosines of the tangents to the lines of 
curvature are 


(x, VE+a,VG)/2BVEG, (y,VE+y,VG)/2BVEG, (2, VE+z2,VG)/28VEG 
and 
(x, VE—2, VG) /2aVEG, (y, VE—y, VG) /2a VEG, (2, VE—z, VG) /2aVEG, 


where 


a= (VEG—F)/2VEG, (VEG+F)/2VEG. (12) 


Let the coordinates of any point referred to the surface trihedral be &, x, ¢. 
We select the positive directions of these axes in such a way that the trans- 


| 
| 
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formation of coordinates from the fixed Cartesian system to the surface tri- 
hedral is given by the following equations: 


a,VE +2,VG 2, VE—2x,VG 
ae 

y,VE+y,VG y,VE—y, VG 7 

n= 98VEG e+ VEG (13) 
2,VE+2,VG,, 2,VE—2,VG 

28VEG E+ n+Z0+2. 


Applying equations (13) to (11) we obtain 


= aD’ (aVG+b' VE) E—BD' (aVG—b' VE) n+HSl—HD,, | 

= —aD’ VGE+ BD’ VGy+H (b'—2c)é, (14) 
= —aD' VEE—BD' VEn+H 

ox, = 


These equations express the relations between the homogeneous coordinates 
Ly, Ly, Xz, %, Of a point, referred to the surface tetrahedron P,, P,, P,, P, and 
the Cartesian coordinates &, 7, { of the same point, referred to the surface 
trthedral composed of the surface normal and the lines of curvature tangents. 


III. Tue Oscuvatine Linear CoMPLEXES OF THE ASYMPTOTIC CURVES. 


The osculating linear complexes of the asymptotic curves were first defined 
and discussed in detail from the standpoint of projective geometry by Professor 
Wilczynski.* If we denote by C’ and C” the osculating linear complexes of the 
asymptotic curves v=const. and u=const., respectively, he found the equations 
of these complexes to be 

—b, Oy +b (15) 


and 
Og +4' (16) 


respectively, where the quantities w,,, the Pliickerian homogeneous line coordi- 
nates, are connected with the homogeneous point coordinates of the system 
P, P, P, P, in the usual way. We wish to investigate some of the metrical 
properties of these complexes and shall use the special surface coordinate 
system which has been defined. 


* Transactions, Vol. IX, p. 90, et seq. 
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From equations (14) the transformations for the line coordinates are 
found to be 
—aHD’ VE, + BHD’ V , 
VGar, 
Ou= aD’ (aVG+bVE)om+BHD' (aVG—b'VE) —H*D (17) 
.—aHD’'[ (b’—2c) VE—(a—2d) 
+ BHD’ (b’—2c) VE+ (a—2d) | 


where the coordinates ;, are defined by the relations 


@u=fi—&, 11 — Ne » } (18) 

£1,m,6, and &, 7, , being two points of the line. 

By transformations (17) the equation of complex C’, equation (15), 
becomes 

aM, + bHo3,=0, (19) 

where 
M,=M'VE+2bdVG, M,=M’'VE—2bdVG, (20) 

If we use the quantities w, as given in (18), the equation of any linear 
complex may be written in the form 


where we have used the homogeneous notation for the coefficients also. The 
equations of the axis of the complex will then be* 


2 2 2 2 2 2 2 


Ag Ayo 


Therefore, from (21) the equations of the axis of the complex C’ are 


&—(abHM,/V") »—(BbHM,/V") (22) 
BM, —aM, 6D” 


where 
V"? = 2 M?+ = E—4bdFM’' +40? G+5b°D”. (23) 
We shall call the plane through the surface point perpendicular to the axis 
of the complex the principal plane, and its intersection with the tangent plane 
the principal line. The equation of the principal plane with respect to the 


complex C’ is found to be 
(24) 


* Pliicker, “Neue Geometrie des Raumes,” p. 32. 
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and, therefore, the equations of the principal line are 
BM,E—aM,n=0, (25) 


The point on the principal line where the axis of the complex intersects the 
tangent plane is at a distance 0’ from the surface point, where 


0’ = bHU'/V” and U” = "M3. (26) 


In order to find the parameter of the complex we change from the surface 
trihedral to another rectangular system, &’, 7’, ¢’, whose origin is the point of 
intersection of the axis of the complex with the tangent plane, the &’ axis coin- 
ciding with the principal line and the ¢’ axis with the axis of the complex. 

From equations (25) and (22) the direction cosines of the £’ and ¢’ axes are 


aM,/U', BM./U’, 0, and BM,/V’, --aM,/V’, bD'/V’, 
respectively. Consequently, the direction cosines of the y’ axis are 
— BbD' M,/U' abD’ M,/U’ V', U'/V’, 


the matter of the positive direction of the lines being left arbitrary. There- 
fore, the equations of transformation from the surface trihedral to the special 
coordinate system just defined are 


= (aM,/U')&’ — (BbD'M,/U'V")x’ + + (abHM,/V"*), 
n = + (abD'M,/U'V") —(aM,/V')e' + (BbHM,/V"), 
= (U'/V")n' + 


The corresponding transformations for the line coordinates are found to be 


= (DD'/V") + (U'/V") — (0° HD'U'/V") (BHU /V"*) | 
Woz = (GM,/V’) (8bD’ M,/U' (aM,/U") 
— (B6HM,U'/V") (Bb°HD' M,/V") ax , 
= + (bD'/V" 
= — (BM,/U’') ws 
+ (abHM,0'/V"*)05,+ (ab?HD’ M,/V") ws, . 


Substituting the values (27) in equation (19) we have as the transformed 
equation of the complex the equation 


(b°HD'/V") ag, = 0. 


Therefore, the parameter of complex C’ is 


(28) 


| 
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We now consider the corresponding properties of the complex C”. The 
equation of this complex referred to the surface trihedral is 
a’ D’ H ag, = 0, (29) 
where 
N,=N'VG+2a'cVE, N,=N’VG—2a'cVE, (30) 
and the equations of its axis are 


&—(aa'HN,/V") _n+(Ga'HN/V") (31) 


where 
V"? = = N° (32) 
The principal plane with respect to the complex C” is given by 
BN,E+aN,n+a' D'>=0, 
and, therefore, the principal line with respect to C” has the equations 
=0, ¢=0. 
The distance from the surface point to the point in which the axis of this 
complex intersects the tangent plane is given by 
6” =a’ HU" /V"*, where N3. (33) 
We make a similar change of coordinate system in order to find the 
parameter of complex C” as in the case of complex C’. The transformed 
equation of the complex is 
so that the parameter has the value 
Comparing the parameters P’ and P” of the two complexes we see that 
their values are opposite in sign, if the surface and the two asymptotic curves 
concerned are real. Therefore, the linear complexes which osculate two real 
asymptotic curves of a real surface at their point of intersection are oppositely 


twisted. 
If @ is the angle between the axes of the complexes C’ and C” and if K 


denotes the perpendicular distance between them, we find from equations (22) 
and (31) that these quantities are given by 


cos = Q?/V' V", (35) 
K HD’ (a” V"?)\Q?/V" VV" (36) 

where 
Q? = B°M,N,—o?M,N,+ba’ D”. (37) 
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IV. Penciw or Linear Compiexes DETERMINED BY THE COMPLEXES 
C’ C”. 
The equation of any complex C, of the pencil determined by C’ and C” is 
a linear combination of equations (19) and (29) and is, therefore, of the form 
(b+Aa’) @.— (M,—AN,) +6 (M,+AN-2) (b—Aa’)a,=0. (38) 


The equation of the principal plane with respect to any complex C, of the 

pencil is 

B (b+20')f=0, 

and, therefore, the equations of the principal line with respect to C, are 
(39) 


The line conjugate to the surface normal with respect to C, is given by the 
equations 
All of these lines form a pencil in the tangent plane whose vertex is the point 


&=B6P./A, n=—aQ),/A, 


where we have put 
A=M' N'—4ba'cd, (41) : 


and 
P,=a' VE (M’—2bc) +bVG(N’—2a'd), l (42) 
Q.=a' VE (M’—2bc) —bvVG(N'—2a'd). J 4 


Corresponding lines of the pencils given by equations (39) and (40) are 
perpendicular to each other. Therefore, the locus of their points of inter- 
section is a circle. Its equations are 


(BP2/A)E+ (aQ2/A)n=0, 


We may state the theorem: 

The line which corresponds to the surface normal in any one of the com- 
plexes C, of the pencil is in the tangent plane of the corresponding surface 
point and perpendicular to the principal line with respect to that complex. 

The special complexes of the pencil (38) are given by the values of 2% 
which satisfy the equation of the form 


Ago + Ayy =O. 


These values are —b/a’ and b/a’. We shall call the corresponding special 
complexes the special complexes of the first and second kind, respectively. 
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If we put A=—b/a’ in equation (38) we obtain the equation of the special 
complex of the first kind. It is 
where 


Q,=a' VE (M’'+2bc) —bVG(N’+2a’d). 
The equations of the axis of this complex, or of the directrix of the first kind, 
are found to be 


E—(2aba’'HP,/Vi) _n—(2Gba'HQ,/V?) 
BQ: —aP, 
where 
Vi = @ PI+ 8? Qi = a? V7 (46) 
The equation of the special complex of the second kind is 
2 ba’ D’ 8 Pe = 0, (47) 
and the equations of its axis, or of the directrix of the second kind, are 
= /—aQ, = ¢/2ba' D’, (48) 
in connection with which equations we introduce the quantity V, defined by 
V3 = 0? a” D? = 2ba' (49) 


Equations (45) and (48) enable us to compute a number of important 
quantities. Let ~ be the angle between the two directrices, J the perpendicular 
distance between them, /, m, n the direction cosines of their common perpen- 
dicular, &, , g the coordinates of the middle point of the congruence. Then 
we shall have 

cos) = (a? /V,V,, HD'/V,, ) 
l=aD'P,/V,, m=6BD'Q/Vi, n=—HA/V,, 
£=H(aba' D*P,+GHAP,)/Vi, 1 =H(Bba' D?Q,—aHAQ,)/Vi, 
¢ = ba’ H’D’' A/Vi, 


(50) 


where 


V. Tue Cyzinprom ForMEpD By THE AXES OF THE LINEAB COMPLEXES 
OF THE Penct. DETERMINED BY THE COMPLEXES C’ anp C”. 


The ruled surface formed by the axes of a pencil of linear complexes 
is a special ruled surface of the third degree, usually known as a cylindroid. 
In order to obtain a simple form for the equation of the cylindroid, which 
belongs to the pencil of linear complexes C,, we introduce a new rectangular 
system of coordinates, whose origin is the middle point of the congruence, 

27 
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whose ¢’” axis is the common perpendicular of the two directrices, and whose 
£’” and 7’” axes bisect the angles made by the lines parallel to the directrices 
through the origin. 
From equations (45) and (48) we find the direction cosines of the £”” and 
y’”’ axes to be 
BS,/W,, —aR,/W,, 2ba’D'V,/W, and BS./W,, —aR./W.,, —2ba'D'V,/W,, 
respectively, where 
R,= Pi V.+ Q.Vi, R,= 
Wi = 2V,V,(ViV2.+ V3), (Vi V.— V3). 
The direction cosines of the (’” axis were given among the relations (50). 
The positive directions in regard to these new coordinate axes are left arbi- 
trary. Then the necessary transformations of the point coordinates from the 
surface trihedral to this new system of coordinates are given by 
E = (BS,/W,) + + +H (aba'D"P, + BHAP.)/Vi, 
+ + H (aba’D"Q,— BH AQ;)/Vi, 
= (2ba'D'V,/W,) — — (HA/V,) + ba’ A/V}. 
We shall not write down the corresponding transformations of the line 
coordinates. 
We find the equations of the complexes C’ and C”, referred to this new 


system of coordinates, to be 
[ba’D'H [ba’D'H 


+ [ Wy 03; =0, (51) 
an 
[ba’D’'H (V,—V,)/W, Jay, + [ba’D’H ao 
++i (V.—V;) We] — [(V2tV3) V./W,jo;;=0, (52) 
respectively. 


According to the general theory of a pencil of linear complexes, when the 
equations of the fundamental complexes are in the form of equations (51) and 
(52), the equation of the cylindroid formed by the axes of the complexes of the 
pencil is of the form* 

14, M3, Ao, Ag, being taken from the equation of either of the fundamental 
complexes. We find from either equation (51) or (52) that 


Qog a3) 


— ba’D'HW./V,W, and = —ba'D'HW,/V, Ws. 


* Pliicker, “ Neue Geometrie des Raumes,” p. 97. 
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Therefore, the equation of the cylindroid in this case is 
If we let 
T = 2ba'D' HV; Vi/W, 
then the cylindroid lies between the two planes 
and 
that is, these planes are the tangent planes at the pinch points, 


VI. THe Direcrrrx Curves. 

Professor Wilczynski has shown* that there exist, in general, two one- 
parameter families of curves on the surface S such that, if the point P describes 
one of these curves, both of its directrices will simultaneously describe develop- 
able surfaces. He called these curves directrix curves. The quadratic equation 
which determines the tangents of the two directrix curves which pass through 
the point P he found to bet 


where 
L=—2a’ (2ba’f+ 2abb,+ bain) +ba,’, 


M = 2ba' (a’b,,—ba;,,) (54) 
N = +a’'b?, 


the surface S having been defined by equations (3). We wish to find the corre- 
sponding equation when the surface is defined by equations (1). 

Equations (1) may be changed into equations (3) by a transformation of 
the form y=Ay. Then the quantities f and g in equations (3) have the values { 
f=c—a,—a’—2bb’, g=c’—b,—b”"—2aa’. 

If in these expressions we make c=c’=0 and substitute the resulting values 
of f and g in the quantities (54), the corresponding equation of the directrix 
curves can be put in the form 
b?(C?+ 2a’C,,+4a”B) dw—2[a?(bB,—Bb,) —b?(a’'C,—Ca}) ]dudv 
(55) 
in which the quantities B and C have the values 
B=M'+2bc, C=N’+2a’d. 


* Transactions, Vol. IX, p. 114, et seq. + Transactions, Vol. IX, p. 116. 
£ Transactions, Vol. VIII, p. 246. 
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VII. Specrat Pornts. 


Since the pencil of linear complexes formed from the osculating linear 
complexes of the asymptotic lines plays an important part in the study made 
in this paper, and since these complexes are indeterminate if a’ or b is equal 
to zero, it is clear that we have tacitly assumed that neither a’ nor 0 shall 
vanish. Therefore, if the surface contains straight lines, all points upon such 
straight lines are to be excluded and, of course, al] ruled surfaces are also 
excluded from consideration. 

We wish to discuss the values of K, cos¢ and cos¥ in (36), (35) and (50), 
respectively. These quantities are seen to be indeterminate in value when 
either a’ or b is zero. If there are other values of the parameters different 
from those that make either a’ or b zero, for which these quantities become 
indeterminate, the corresponding points must also be excluded. Thus, the 
developments of this chapter apply only to such points for which the quantity 
Q’ or a? V"—b*V"? is equal to zero while neither V’, nor V” nor V”V"?—Q* 


is equal to zero. 


a) Points for Which the Axes of the Complexes C’ and C” Intersect. 


The axes of these complexes intersect when K is zero. This quantity is 


zero under the two separate conditions, 


Q?=0 (56) 
and 
a’ Vv” b? Vv"? — 0. (57) 


We observe that equation (56) makes the quantity cos @ also zero and that 
cos y is zero under the condition (57). Therefore, we can state the following 
theorems: 

If the axes of the osculating linear complexes of the asymptotic lines are 
determinate and intersect, either these axes are perpendicular to each other 
or the directrices of the first and second kind are perpendicular to each other, 
or both conditions may be fulfilled at the same time. 

If the axes of the osculating linear complexes of the asymptotic lines are 
determinate and perpendicular to each other, they intersect. 

If the directrices of the first and second kind are perpendicular to each 
other, the axes of the osculating linear complexes of the asymptotic lines 
intersect if they are determinate. 


if 
iz 
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b) Points for Which the Directrices of the First and Second Kind 
Are Perpendicular to Each Other. 


Such points were defined by equation (57). They are of particular 
interest on account of the further specialization which exists in the geometrical 
configuration to which the directrices belong and whose metrical properties 
we have developed. 

If we consider the condition that the parameters P’ and P” of the com- 
plexes C’ and C” be numerically equal, we find from (28) and (34) that it is 
exactly equation (57). We have, therefore, the theorem: 


If the asymptotic tangents of a point of a surface are real and if its 
directrices are perpendicular to each other, the parameters of the osculating 
linear complexes of the corresponding asymptotic lines are numerically equal 
and opposite in sign, and conversely. 


The equation of the cylindroid reduces to 


We see that the directrices are in this case the singular tangents to the 
eylindroid. Therefore, when the directrices of the first and second kind are 
perpendicular to each other, they are the singular tangents to the cylindroid. 

Since the directrix of the first kind is in the tangent plane and in this case 
the two directrices are perpendicular to each other, the plane of the directrix 
of the second kind and the axis of the cylindroid must be perpendicular to the 
tangent plane. It is found to bisect the angle the axes of the complexes C’ 
and C” make with each other. Consequently, these axes must meet the tangent 
plane in points which are at the same distance from the surface point; that is, 
0’ and 6” in (26) and (33), respectively, must be equal, which fact may easily 
be verified. We may state the theorem: . 

When the axes of the complexes C’ and C” intersect each other and the 
directrices of the first and second kind are perpendicular to each other, the 
axes make the same angle with the tangent plane and meet it in points 
equidistant from the surface point. 


Let us write equation (57) in the form 


—4ba' F (a’dM’'—beN’) E) =0. 


Evidently, it may be satisfied by means of the three separate equations 


(a M’VE+bN'VG) =0, a’dM’'—beN’=0, | (58) 
(dVG—cVE) (dVG+cVE) =0. J 


: 
P 
iz 
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These may be divided into two sets, each of three separate equations, any two 
of which imply the third. They are 


a’M’'VE—bN' VG=0, dVG—cVE=0, a'dM’—bcN’=0, (59) 
and 

a’M'VE+bN'VG=0, dVG+eVE=0, a’dM’—bcN’=0. (60) 
We observe that in the case given by equations (59) the directrix of the first 
kind is perpendicular to one of the principal normal planes, that consequently 
the directrix of the second kind and the axis of the cylindroid are in this plane, 
and that in the case of equations (60) a similar position exists with reference 


to the other principal normal plane. 


c) Points for Which the Directrix of the Second Kind Coincides with the 
Normal to the Surface. 

According to equation (48) the directrix of the second kind coincides with 
the normal to the surface if and only if P, and Q, separately are equal to zero; 
that is, if and only if 
M’=2bc, N’ = 2a’d. (61) 


Since for these points the directrices must be perpendicular to each other, these 
points must be included among the special points which were detined by 
equation (57). The fact that equation (57) is satisfied by equations (61) 


may easily be verified. 
If in addition to equations (61) the equation 


dVG—cVE=0 
is satisfied, the directrix of the first kind is perpendicular to one of the principal 
normal planes, while if the additional equation which is satisfied is 
dVG+cVE=0, 


the same fact holds in regard to the other principal normal plane. 
If the relations (61) be substituted in the quantities B and C which occur 
in equation (55), that equation of the directrix curves reduces to the form 


Eéw—Gov’=0, 


so that at these points the directrix curves coincide with the lines of curvature, 


as they obviously should. 
By introducing in equations (61) the values of M’ and N’ from (20) and 


(30), respectively, we may write them in the form 
b,—2bb’+4bc=0, a,—2aa’+4a’d=0. (62) 


4 
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If in the two general relations 


| m 22 
{2}. 


we replace the Christoffel symbols by their values in a, b, c,d we obtain 
c=—b'—H,/2H, d=—a—H,/2H. (63) 
By means of these relations then, equations (62) become 
Hb,—2bH,—6Hbb’=0, 

The conditions developed in this chapter characterize certain special kinds 
of special points on a surface if they are merely satisfied by special values of 
the parameters. They characterize special classes of surfaces if they can be 
satisfied identically. The existence, in general, of real points or surfaces of 
these several kinds will not be discussed in this paper. In the next chapter 
we shall show however by means of a particular surface that points of the 
several different kinds which have been defined actually exist. 


VIII. Tue Surrace or ENNEPER. 

In order that the significance of the preceding developments may appear 
more clearly we proceed to apply them to a well-known surface, the Minimal 
Surface of Enneper. We shall obtain, in this way, some new properties of 
this surface. 

The Minima] Surface of Enneper is represented by the equations 
e=}(ut+v) (wW—4uv+v?+6), y= (u—v) (W+4uv+v?+6), 2e=3uv, (64) 
where the curves u=const. and v=const. are the asymptotic lines, the lines of 
curvature being given by the equations u+v=const. and u—v=const. 

The fundamental quantities E, F, G, H, D’ and the quantities a, 8, defined 
in (12), are found to have the values, 


9 9 1 1 
— — WW? — — Wy? — — = —— 
b= F=0, H D Va’ B Va’ 
where 


The quantities a, a’, b, b’ c, d which occur in (6) and (10) are, 
a=—u/W, av=u/W, b=v/W, b’=—v/W, c=—v/W, d=—u/W, 
We see from the values just given that the condition that neither a’ nor b 
shall be zero implies for this surface that neither u nor v shall be equal to zero. 
The zero values of the parameters give the intersection of the surface with the 
XY-plane, which is made up of the two straight lines, 7+y=0, c—y=0. 


{ 
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Therefore, every point upon these two straight lines is excluded from our 


considerations. 
By easy substitutions we obtain the following equations and results in 


connection with the complexes C’ and C’’, the surface coordinate system 


being used: 
Equation of complex C’, 


(W + 2uv) ws, +2 (W—2v?—2uv) Wag, = 0 ; 
Equation of complex C”’, 

2 (W—2u?+ 2uv) ws, +2 (W—2w?—2uv) 
Equations of axis of complex C’, 


Equations of axis of complex C”, 


E+3u[W—2u(u—v)] _ 4 (66) 
[W—2u(u+tv)]  [W—2u(u—v)] 4u’ 


The parameters P’ and P” are given by 


We find that the expression Q? in (56) is identically zero except when the 
parameters have the value zero and that each of the two quantities V’ and V” 
has the value 9/8. No points then are excluded by the limitation that was 
placed upon the quantities V’, V” and Q®. Therefore, every general point on 
the surface is of the type defined by equation (56), that is, for every such 
point the axes of the osculating linear complexes of the asymptotic lines inter- 
sect and are perpendicular to each other. 

The equations of the special complexes of the first and second kind and of 
the two directrices are as follows: 

Equation of special complex of first kind, 
(u+Vv) (U—V) @23 +3uv Wag, =0 ; 


Equation of special complex of second kind, 
Equations of directrix of first kind, 


—(u+v) 0 


4 
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Equations of directrix of second kind, 


(u-+v) (W—4uv) ~ —(u—v) (W+4uv) ~ (68) 


The expressions for the several quantities in (50) and (54) are given by, 


cos P= (u—v) I=6uv, l=2(u+v)/W, ) 
m=2(u—v)/W, n=(W—4)/W, 


§=3(u+v) [(u—v)*—4 (we? +1) 1/4, (69) 
n=—3(u—v) [(u-+v)—4 +1) 1/417, 
G=3uv(W—4)/W, T=—3 (uw +v*)/2. J 


Equation (57) here assumes the form 
(u—v) (u+v)=0. 
Therefore, the directrices are perpendicular to each other at the points given 
by the two conditions, w=v $0 and u=—v+$0. But the condition u=v #0 
satisfies equations (59) for this surface and the condition u= —v $0 equations 
(60). Therefore, the points given by these two conditions are of the more 
special types defined by equations (59) and (60). 
The curves defined on the surface by the two conditions u=v~0 and 
u=—v £0 are found from (64) to be given by 


= 5 (9—2)%, y=0, (70) 


and 
— 


respectively. Every point of these two plane cubic curves, except the origin, 
is of the special kind described. 
For this surface the two equations (61) reduce to 
w—3v?+2=0, 3v—v’?—2=0, 
which have the solutions w= +1 and v=+1. These values of the parameters 
give four points of this very special type, for which the directrix of the second 
kind coincides with the normal to the surface. The points are 


«t=-—2, 

y=0, y=0, y=2, y=-2, 

e=—3, z=—3. 

Of course these points are on the curves given in (70) and (71) and are found 
to be the maximum and minimum points on the ovals of those curves with 

reference to their axes of symmetry. 
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Equation (55), the differential equation of the directrix curves, becomes 
bu?/u’—dv*/v?=0, so that these curves are given by ww=c, and u/v=c,. They 
may be represented parametrically by 

(u’+¢,) [ut+ (6—4c,) cf] 
y= (w—e,) [ut+ (6+4¢,) + 


2=3¢,, 

and w= +603] /4c8, 
y=u(1—cy) +.6c8] /4c8, 
2=3u?/c, 


respectively. 

We observe that the directrix curve directions are conjugate, that along a 
curve given by uwv=c,, a plane curve, the two directrices are a constant distance 
apart and that for the points on the two curves (70) and (71) the directrix 
curve directions are the same as those of the lines of curvature. 

It has been found that in general the axes of the two complexes C’ and C”’, 
whose equations were given in (72) and (73) intersect. Their point of inter- 
section proves to be the middle point of the congruence, the point £, 7, € given 
in (69), which we will call the point C. 7 

The two directrices whose equations were given in (67) and (68) intersect 
the axis of the cylindroid, the line which goes through the point &, 7, ¢ and has 
the direction cosines /, m, n, as given in (69), in the points C, and C, which 


are as follows: 


Point 
Point £=3(u-+v) (W—4) (W—4uv) 


n=—3(u—v) (W—4) (W+4uv)/4W, 
€=6uv(W—4)/W. 


As the point P traces the surface each of the three points C, C,, C, traces 


a surface which is covariant with the original surface. 
From equations (13) the equations of transformation from the surface 


trihedral to the fixed trihedral, with reference to which the equations of the 
surface are given, are found to be 


(w—v?*) 2(uv+1) 2(u—v) 


W W 


. 

i 
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By means of these equations we find that the coordinates of the points C, C,, C;, 
referred to the fixed coordinate system, have the following form: 


C. a=#+¢, C,. 
2=—3uv, 2=3uv. 


These expressions for the coordinates of these points show several 
important relations: That the axis of the cylindroid is always perpen- 
dicular to the XY-plane, and consequently the axes of the complexes and 
the directrices are always parallel to this plane; that the middle point of the 
congruence is in the X¥-plane and, therefore, the axes of the complexes are in 
this plane; that the covariant surfaces of the points C, and C, are exactly like 
in character, being reciprocally symmetrical surfaces with references to the 


XY-plane. 
The covariant surfaces of the points C, and C, are the simple cubic surfaces 
e—y=—— 2, and #—y’= 


respectively. These surfaces have in common the lines x+y=0 and z—y=0 
in the XY-plane, lines which are upon the Surface of Enneper itself and the 
points of which were excluded from our considerations. 

It is easy to show that if the point P moves along a line of curvature, an 
asymptotic line or a directrix curve of the Enneper Surface, the three points 
C, C,, C,, which correspond to P in every case trace a plane curve. 

We have studied in this paper the metrical properties of certain geomet- 
rical configurations which have been built up in connection with a point on a 
surface. We have made a study of these configurations for all the points of 
the Surface of Enneper to which the developments apply and have found the 
following properties of this surface: 


a) The axis of the cylindroid is always perpendicular to the XY-plane, 
with the middle point of the congruence always in this plane. Consequently, 
the axes of the osculating linear complexes of the asymptotic lines and the 
two directrices are always parallel to the XY-plane. 

b) The axes of these complexes intersect and are perpendicular to each 
other. Their point of intersection is the middle point of the congruence and 
consequently they are in the XY-plane. 

c) The surface contains two plane curves, the intersections of the surface 
by the XZ- and YZ-planes, at all of whose points, excepting the origin, the 
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directrices of the first and second kind are perpendicnlar to each other, the 
axis of the cylindroid in each case lying in the plane of the curve. For all 
these points the parameters of the complexes are numerically equal and 
opposite in sign. 

d) There are four points for which the directrix of the second kind 
coincides with the normal to the surface. Two of these points are upon each 
of the curves in the XZ- and YZ-planes and are the maximum and minimum 
points on the oval of these curves with reference to the axes of symmetry. 


By means of the consideration of this special Surface of Enneper we have 
verified the results of the paper and have established the existence of real 
points of all of the special types that have been defined; points for which the 
axes of the osculating linear complexes of the asymptotic lines intersect and 
are perpendicular to each other, other points for which these axes intersect 
while the directrices of the two kinds are perpendicular to each other, and 
points for which the directrix of the second kind coincides with the normal to 
the surface. In the absence of any general existence theorems the fact that 
such points are shown to exist has an important bearing. 
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